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PREFACE. 



This little book is, as its title imports, a mere Introduction to 
Algebra. It is its purpose to make the transition from the Arabic 
Notation and Common Arithmetic, to the Literal Notation and 
Algebra, as simple and attractive as the nature of the subjects will 
allow. It can be studied by quite young pupils who have but 
a very elementary knowledge of Arithmetic. It will be found 
adapted to such of our public schools as wish to introduce the 
subject of Algebra before the pupil has sufficient maturity to 
enter upon the Complete School Algebka, and for Colleges 
having a Preparatory Department and desiring some simple intro- 
duction to the Author's University Algebra. 

In order to economize space and time, as well as to lead the pupil 
to feel that he is not entering an entirely new field, some of the 
more elementary definitions, common to arithmetic and algebra, have 
been omitted. Nevertheless, great care has been taken not to 
omit any which could by any possibility be unfamiliar, or which 
need a more accurate or comprehensive statement than is com- 
monly given. 

The order of arrangement is rather that which the pupil can 
pursue with the greatest ease, than that which a rigid scientific 
analysis of the subject demands. 

In the first sections the topics are approached by the simplest 
inductions, the rules are preceded by illustrative examples, and 
followed by explanations and statements of reasons in a free 
and somewhat colloquial style. But, as the subject proceeds. 
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a gradual transition is made to a more condensed and formally 
scientific treatment. In a few instances, processes have been given 
and the formal demonstration withheld, though never without 
apprising the pupil of the fact. It is the purpose of the book to 
lead the young to comprehend and appreciate mathematical reason- 
ing, as well as to solve problems. 

Formal statements of principles, definitions, and rules, when 
repeated in different members of the series of which this book 
forms a part, are given in exactly the same language. 

A glance at the Table of Contents will inform the reader as to the 
scope of the book. The elements of Literal Arithmetic, Simple 
Equations with one, two, and three unknown quantities, Quadratic 
Equations with a few cases of Simultaneous Quadratics, and Ratio 
and Proportion, are the principal subjects treated. 

Trusting that the book may be a means of interesting the young 
at the threshold of this great department of mathematical science, 
and may prove serviceable to the teacher in his efforts to lead his 
pupils to think, as well as ** cipher," the author submits it to the 
judgment of his fellow laborers. 

EDWARD OLNEY. 
UirtVKBSiTY OF Michigan, 
Ann Arbor, August, 1874. 
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SECTION I. 

SOW LETTERS ARE USED TO REPRESEJ^T 

JVUMEERS. 

1. Theee times 5, and 4 times 5^ and 2 times 5, make ' 
how many times 5 ? 

Three times 7, and 4 times 7, and 2 times 7, are how 
many times 7 ? 

Three times any number, and four times the same 
numhevy and 2 times the same number, are how many 
times that number ? 

2. Two times 8, plus 6 times 8, plus 3 times 8, plus 1 
time 8, are how many times 8 ? 

Two times 17, plus 5 times 17, plus 3 times 17, plus 
1 time 17, are how many times 17 ? 

Two times any number, plus 5 times the same number, 
plus 3 times the same number, plus 1 time the same nuin* 
ber, are how many times that number ? 

3. Five 23's, plus 4 23's, plus 11 23's, are how many 
23's? ^/J5., 20 23's. 
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1. In Algebra we often use letters to represent, or 
stand for, numbers. 

The following exercises will show how : 

4. Suppose a stands for some number, as, in the first 
exercise, for the 5 ; 3 times a, and 4 times a, and 2 times 
a, make how many times a ? 

Again, suppose a stands for some number, as 7 in the 
first exercise; 3 times a, and 4 times a, and 2 times a, 
are how many times a ? 

Again, suppose a stands for any number, only that it 
shall mean tJie same number each time ; 3 times a, and 
4 times a, and 2 times a, make how many ttmes a ? 

5. If m stands for (represents) some number; how 
, many times m, are 2 times m, plus 6 times m, plus 3 

times 777, plus 1 time m ? 

Does it make any difference what number m stands 
for, 80 that it means the same number all the time ? 

Compare this with Ex. 2. 

6. Suppose b represents some number (meaning the 
same number all the time in this exercise), 5 b\ plus 4 
b% plus 11 b% are how many ^'s ? 

Compare with Ex. 3. 

2. Thus we may use any letter to represent any number, 
provided it always means the same number in 
the sam^e exercise or problem, 

8. When a letter is used to represent a number, the 
figure which tells how many times the number rep- 
resented by the letter is taken, is simply written be- 
fore the letter, the word "times " being left out. 
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Thus da means 3 times a, 4i means 4 times by 7m 
means 7 times m, lOoa; means 105 times the number 
represented by x, whatever that number may be. 

4, The number placed before a letter to tell how 
many times the letter is taken, is called a Co-effl- 
cient. 

If no figure stands before a letter, the letter is taken 
once, or its co-eflicient is said to be 1. 
Thus, m means one time m, 

7. How many times the number represented by J, are 
4d, Uy 6b, and b ? 

That is, 4 times sd^ne number, plus 3 times the sams 
number, plus 6 times the same number^ plus one time 
the same number, are how many times that number ? 

8. 5fl, plus a, plus 6a, plus 8a, are how many times a ? 

Ans,, 20a. 

Query, — If the a in 5a meant one number, the a alone another 
number, the a's in 6a and 7a still other numbers, could you answer 
this exercise in the same way ? You could not answer it at all. 
The a must mean the same number all the time, in the same 
example. 

9. 10a + 5a + 7a + 2a, are how many times a ? 

Q*iery, — Is it necessary that a should mean the same thing in 
this exercise that it did in Ex. 8 ? 

10. 3a+2a4-5a + 8a, ai'e how many times a ? 

Ans,, 18a. 
How much is this if a is g ? Ans., 108. 

How much if a is 11 ? Ans., 198. 

11. EleyeQ times 8, minus 5 times 8, are how many 
times 8 ? 
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12. 11a— 5a are how maDj times a ? 

Eleven times any number^ minus 5 times the same 
number, are how many times that number ? 

13. 12a;— -7a:=how many times a;? 
How much is this if x represents 3 ? 

If X represents 2^ ? Ans. to the last, 11. 

14. 55+4J + 10A— 12&=how many times J? 

15. IIow much is 3m + 8wi— 4w+6m— 5m— 2wi ? 

16. What is 10a divided by 2; that is, what is \ of 
10a? . 

27a; divided by 9 is how much ? Ans. to the last, 3a;. 

17. How many times a number is 10 times that num- 
ber, divided by 2 ; that is, ^ of 10 times a number ? 

18. How much is \ of 48a;? 
25a; divided by 5 ? 

^oi 11a;? 

11a; divided by 11 ? 

7a; divided by 7 ? 

19. Divide 10a; by 5, then add 3a;, then multiply by 
2, then subtract 4a;, then divide by 3. What is the 
result ? 

20. Multiply 2a by 3, then subtract a, then multiply 
by 4, then divide by 2, then by 5, then add 3a. What is 
the result ? 

[NoTB. — The teacher should extend such exercises until his 
pupils can perform them mentally, as rapidly as one would natu- 
rally pronounce them.] 
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SECTION II. 

LETTERS WBITTEJf SIDE BY SIDE. 

6. When letters representing numbers are written side hy 
side, as in a word, their product is indicated. 

Thus, db means the product of the two numbers repre- 
sented by a and b. 

Zabc means 3 times the product of the numbers repre- 
sented by a, by and c, 

[Note. — Instead of saying, as above, the number represented by 
a, we usually say " the number a" or, " a" without using the 
word number at all. Thus we say 3 times the product of a, b, 
and c] 

1. If a=3, and 5=2, what is ab ? Ans., ab=6. 

2. If m=5y and n=S, what is mn? 

3. What is cd, if c?=4, and ^=8 ? 

4. What is cd, if c=7, and d=2? 

5. What is cd, if c=10, and d=^ ? 

6. What is cd, if c=|, and d=i ? 

7. What is am^i, if fl=5, wi=7, and n=2 ? 

Afis,, amn=70. 

• 

8. What is a7nn, if «=2^, 77Z=4, and w=3| ? 

A71S,, amn=d2, 

9. What is amn, if a=f, wi= J, and n=i ? 

10. What is dab, if a=2,and 5=4 ? ^n^., 3a*=24. 
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11. What is ^ab, if a=5, and J=4? 

12. What is 3a&, if «=20, and J=7 ? 

13. What is VZahc, if a=2, J=3, and c=ll ? 

Ans.y 12ai^(?=792. 

14 What is 12a^c, if a=l, ^=7, and c=2 ? 

15. What is \2ahc, if a=2, &=2, and e?=2 ? 

16. What is Uabc, if a=f, ^=i, and c=i? 

17. What is 7m7i, if m=|, and n=|? -4w«., 7m;i=2f . 

18. What is llamn, if a=2J, w=3f, and n=5? 

19. What is 13flJc, if a=f J=f and ^=3^ ? 

20. What is 23m7i, if 7n=3, and w=10 ? 

21. What is 23/nw, if ^1=132, and w=2548 ? 



SECTION III. 

EXPOJ^EJ^TS AJ^D TERMS. 

7. If we want to represent the product of a number repre- 
sented hy a letter, as st^by itself a certain number of 
times, instead of writing ast^ or aaa^etc,, as we m/ight, 
we write a% a*, etc. 

Thus V means the same as hbhb. a' is read " a square ; '* 
aS " a cube ; '' J*, " h fourth power ; '* x^, " x fifth power/* 
etc. 
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^^— ^— ^—^ - I ■ ; I , 

1. Read rri". What does it mean? How otherwise 
could you write it ? 

2. Eead ic*. What does it mean? How otherwise 
could you write it ? 

3. If I wish to write the product of h taken 4 times 
as a factor, how do I do it ? 

4. Write aaaa in the proper form ? 

5. Indicate the product of y taken 5 times as a factor ? 

6. What is a* if a=2 ? Ans,, a*=8. 

7. What is ?7iMf m=3 ? 

8. What is V if 5=| ? 

9. What is 5" if &=H? 

8. The little figure placed at the right and a little 
above the letter is one form of what is called an Ex- 
ponent. 

ITie pupil must not get the idea that all exponents 
mean just what has now been explained. 

This is the case only when the exponent is a whole 
number without any sign, or with the + sign. 

Thus a~^ does not mean aaa, Nor does (fi mean any 
such thing, although the —3, and thef are exponents. 
What these do mean will be explained in Sec. xxiv. 

[Note. — It is of the utmost importance that the pupil be 
guarded, from the outset, against the notion that an exponent 
necessarily indicates a power. This false notion, once in the head, 
plagues the pupil ever after.] 
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10. What is ^a% if o=2, and i=5 ? 

Suggestion, — Notice that 4a*b=:Axaxaxh, Hence 4«»&= 
4x2x2x5. Or 4a'6=4 xa^xh, and as a=2, a'=4. Hence 4a'&= 
4x4x5. 

11. How much is lOaVy, if a=2, c=l, and y=3 ? 

12. How much is a'^' + 2ay— Jy, if a=4, ^=3, y=2 ? 
HowmuchisSa'^y— 2ay'+5&, the letters having the 

same values as before ? 

How much 5Jy-— 2a2>' + 4ay— 2a? 

13. How many times ab^ is 4fli'4-2aJ'— 3aJ'? 
How many times a"y is 10a"y + 4a"y— 6a"y— a"y? 

14. How many times am*y* is 4 times 3am^y' ? 
How much is 6 times 2am"y" ? 

Four times 1a*b*c^ ? 
Ten times 13wi7jV ? 

15. How many times ax is \ of 20aa; ? 
\ of 35aa; ? 

102aa; divided by 3 ? 
How much is i of 72aV ? 
125a;y divided by 25 ? 
18^2/' divided by 9 ? 



9. We have learned in ariihmeiio that representing numr- 
hers hy tJie figures 1, 2, 3, 4> ^^^v is called Arabic or 
'Decimal JSTotation, 

In like manner, representing numbers by the small 
letters of the alphabet, as a, h, c, dy x, y, etc., is 

called Literal Notation. 
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The pupil will see that this Literal Notation is alto- 
gether a different thing from the Roma^i Notation^ in 
which the seven capital letters, I, V, X, L, C, D, M, are 
used. 

Because the Literal Notation is so much used in Alge- 
bra, it is often called the Algebraic Notation. 
But this notation is just as much used in some other 
branches of Mathematics, as in Algebra. 



10. Ai expression like 7a^J0, not separated into 
parts by the signs + or — , is called a Term, or a 
Monomial. 

If there are two such terms joined together by either 
of the signs + or — , the two taken together are called a 
JBinomialf as 6b^x^-{'2ay*y or 10z—3ay. 

If three terms are joined in this way it is called a 
Trinomial, as 3a'*y—2ab + 21x. 

Any expression consisting of more than one term is, 
in general, called a JPolynomial. 

Ex. Point out the monomials, binomials, trinomials, 
and polynomials, in the following: 2ax—^b'^y 5x7/—6cd+ 
a—2y, Zd^m^xy^ c^-— e?", a+wi, a + ^ + c— e?, 225a"^Ve?', 
nbcdy a—b, ab, c—x^y-\-ax, x^+y*, 10a^ + 3xy. 



11. Terms which have the same letters, affected with the 
same exponents, are called Similar. 

Thus 12a'y, 6a'y, and — 3a'^ are similar; but 12ay, 
6a'y, 3ca;, are not similar. 
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Ex. Point out the similar terms among the following : 
Za% 2ax, — 5aV, ax, 17aa^, 16cy% — 12cy, 3«V, 

12. Terms having the + sign are called Positive, and 
tJwse having the — sign, Negative. If no sign is 
written before a term the sign + is understood. 



SECTION IV. 

EXAMPLES FOR PRACTICE IJV USIJVO LET- 
TERS TO REPRESEJfT Jf UMBERS. 

13. If I buy 5 pencils at 8 cents apiece, they cost me 
5 times 8 cents, I.e., 5x8 cents. 

So, if I buy a pencils at b cents apiece, they cost me 
a times b cents, i. e., ab cents. 

Now we notice that in the first case we can tell more 
particularly how much the pencils cost, since 5x8=40. 
But in the second case we can only say that the pencils 
cost a times by or ab cents, since we do not know just 
what numbers are represented by a and b. >- 



1. John bought m oranges at n cents each. How 
much did they cost him ? If m means 3, and n means 5, 
how much is it ? 

2. Mary buys n yards of calico at x cents per yard. 
How much does it cost her ? 
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3. Henry buys 5 packages of pencils. There are a 
pencils in each package; and the pencils cost him x 
cents each. How much does he pay for the whole ? 

Ans,y bax cents. 

4. If 7 jugs are filled with molasses, each jug holding 
m quarts, and a quart is worth y cents, how much is the 
whole worth ? 

5. A boy sold 5 quarts of nuts for 4 cents per quart, 8 
quarts of berries at 6 cents per quart, and 3 melons at 10 
cents each. He received 

5 X 4 + 8 X 6 + 3 X 10 for the whole. 

Show in like manner what would be received for m 
quarts of nuts at n cents per quart, a quarts of berries at 
h cents per quart, and c melons at d cents each. 

6. Eepresent the value of m yards of cloth at x dollars 
per yard, n yards at y dollars per yard, and a yards at z 
dollars per yard. 

7. A merchant had 5 rolls of cloth containing c yards 
each, 7 rolls with m yards each, and 12 rolls with n yards 
each. The first kind was worth a dollars per yard, the 
second J, and the third d. What polynomial represents 
the value of the whole ? 

8. If I buy 6 barrels of apples at 2 dollars per barrel, 
and pay for it with cloth at 3 dollars per yard, I must 

give ^ yards of cloth. Express in a similar manner the 

number of yards I must give if I buy a barrels at m dol- 
lars each, and pay in cloth at n dollars per yard. 
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9. Represent 5 times the square of a dirided by 3 times 
the cabe of h. 

Suggestion. — ^Division is represented, as in aritlimetic, by 
writing the divisor under the dividend with a line between them. 

•» _ 5a« 

Hence we have ^* 

10. Represent 10 times a multiplied by the square of J, 
divided by 11 times the product of the cube of m aiid 
the 4th power of n. 

11. Represent the binomial 3 times the product of a 
and h pins 5 times the cube of x, divided by the binomial 
2 times m minus the square of n. 



^^- 



SECTION V. 

ADDITIOJ^. 

Of Similar Terms* 

Ex.1. How many times am* is 4am'+5flm'— 3aw'— 
am* ? What are similarterms ? (See 11.) Are the terms 
in this example similar to each other ? 

14. Similar terms can be united into one term, which 
shall express the aggregate * value of the whole, as 
we see from this example and like examples in 
Sec, 1. This aggregate value is called the Sum. 

* Aggregate means coUected, united. 



ADDITIOK 21 



2. What is the sum of 4aa;, Sax, ^ax, and aa; ? When 
no sign is written before a term what sign is understood ? 
(See 12.) 

3. What is the sum of ^ax and —^ax ? 

Suggestion. — This means the same as. What is the aggregate 
value of 5aaj and — 2aa; ? Or, How many times ooj is 5ax—2ax ? 

4. What is the sum of 7ay% — 3ayS ay', 2ay', and 
--4ai/' ? Or, How much is 7ay'— Say' + ay' + 2fly'— 4ay' ? 

-4^15., 3ay^. 

5. What is the sum of llm'Ti',— 4w''7j', 6m'7i', 2mV, 
^bm^n'y—m^n^, and 3m V ? 

15. Addition is the process of combining several quan- 
tities, so that the result shall express the aggregate 
value in the fewest terms consistent with the notor- 
tion. 

Q. Add day, 6ay, 2ay, and ay. 

7. Add bn^Xy —27i^x, —n^x, and 7n^x. 

16. The pupil may think it strange that we should use subtrac- 
tion in adding, t. e., that we should call the result of putting together 
5aa;, and — 2aaJ, addition, when the work of uniting them is per- 
formed by subtraction. To understand this it is only necessary 
to keej) in mind just what we mean by addition, as we use the 
term here. We mean by it Qim^ly putting quantities together. 
Whether a quantity put with another increases it or diminishes it 
depends upon its nature. If 2 boys are drawing a sleigh, and an- 
other boy puts in his strength, the aggregate result will depend 
upon which way the last boy pulls ; if he pulls the same way as 
the others, it will increase the effect ; but, if he pulls in the oppO' 
site direction, it will diminish the effect. The aggregate or sum 
will be greater in the former case when the third boy adds hia 
strength, and less in the latter. 
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8. Five boys are pulling at a sleigh. 3 of them pull 
in one direction, bm, 2m, and 7m pounds, respectively. 
The other two pull in the opposite direction, 3m, and w, 
respectively. What is the aggregate, or sumy of their 
efforts ? 

Suggestion* — Suppose we call the efforts to pull the sleigh in 
the first direction positive, and the efforts to pull it in the opposite 
direction negative. Our question then is. What is the sum of 
+ 5m, +2m, + 7m, and —3m, and — m? Or, What is 6m+2m+ 
7m— 3m— m ? 

9. I have 4 pieces of property worth respectively lOax 
dollars, 8ax dollars, Gax dollars, and Idax dollars. If 
now I add debts to the amount of bax dollars, ^ax dollars, 
and dax dollars, what is the aggregate, or suniy of what 1 
am worth? i, e,, How much is 10ax+ Sax + 6ax-\- Idax 
—5ax—'7ax—dax ? 



17, Positive and Negative are terms primarily applied 
to concrete quantities which are, by the conditions 
of a problem, opposed in character. 

III. — A man's property may be called positive, and his debts 
negative. Distance up may be called positive, and distance down, 
negative. Time before a given period may be called positive, and 
after, negative. Degrees aJ)ove on the thermometer scale are 
called positive, and below, negative. 

10. A speculator made by three trades $200, $100, and 
$50. He then lost in two trades $300, and $250. What 
was the aggregate, or sum, of the whole ? Was it gain, or 
loss ? Shall we call it positive, or negative ? Will it be 
written with the + sign before it, or with the — sign ? 
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11. Three boys are puUiug at a sleigh, two, attempting 
to draw it forward, pull 7m, and 6m pounds, respectively ; 
the other, attempting to drag it backward, pulls \hm 
pounds. Which way does the sleigh move ? 7??i + Gwi— 
15m makes how many times m ? What sign does the re- 
sult, or surrty have ? What does the — sign of the result 
mean ? 

12. What is the sum of hcy^y 8ci/% — 10c^% cy% and 
—%lcy^ ? Which are in excess, the negative, or the posi- 
tive quantities, in this example ? 

18. In adding similar term9, if the terms are all posir- 
tive, the sum is positive ; if all negative ,■ the suum is 
negative; if some are positive and some negative, 
the sum taJces the sign of that hind (positive or 
negative) which is in excess. 



Adding IHssimilar Terms* 

1. If I buy an orange for a cents and a knife for h 
cents, how much do I pay for both ? 

2. If I have one piece of property worth ^ax dollars, 
and another worth lOmy dollars, how much are both to- 
gether worth ? (See Examples 5, 6, 7, Sec. IV.) 

3. If I travel east 5m miles one day, ^n the next, and 7« 
the next, what poljmomial expresses the aggregate of my 
travels eastward ? Why can we not unite the^e terms 
into one term ? Can we unite any two of them into one ? 
Why not ? 

19, Dissimilar terms are not united into one hy addi- 
tion, but the operation of adding is expressed iy 
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writing tJienv in suecession with the positive terms 
preceded by the + sign and the negative hy the — 
sign. 

4. What is the snm of baXy 3cy, — 12aV, 6m', and 
—dc'y* ? Are any of these terms similar ? Can any two 
of them be united into one ? 

6. What is the sum of 6aXj — 3y% Sao^ — 2mw, 4y% 
—Gax, and cy ? What other terms among these are simi- 
lar to 5ax ? This Bum is a polynomial of 4 terms. Why, 
according to the definition of addition (16), is not bax-h 
3aa?— 2m7i + 4y'— 6a» + cy the sum ? 



Adding JPolynoniials Containing Similar and JHs^ 

similar Terms* 

20. WV£,— Write the expressions so that similar 
terms shall fall in the same column. Combine eojch 
group of similar terms into one term, and write 
the result underneath with its own sign. The poly- 
nomial thus found is the sum sought. 

1. Add 5ax—2cy, Sax+Acy, cy—2ax, —iax-^Scy, —ax 
•{■6cy, and 2aX'\-2cy. 

Operation. 

Having written the numbers so that similar terms 6ax-^2cy 

fall in the same column, we may begin to add with Sax+4cy 

any column we choose. Adding the right-hand column — 2aa;+ cy 

we find it makes 4- 7<?y, and write this sum under- — 4aa;--3ry 

neath the column added. In like manner the other — ax-^-^y 

column makes Bax (or -H Sax), which we write with- 2ax-\-2cy 

out any sign, as -f- wiU then be understood. The 

fcum is Soic-f 7cy. few? + 7<# 



KEAaONB.* 

Am we wish to imiCe the terms as much as possible, bo that the 
aggregate vulue of all tlie polfuomials shall be expressed ia tha 
Bimpleat form (fewest terms), according to the definition (IS), and 
as only similar terms caa be united into one, ne write similar 
terms ia the same column /or conveniente. 

Their we find the aggregate or each column of similar tenus hj 
(18), and as the sums of the several columns are ditnmUar terms, 
we can add them only b;' conueetiiig them with their respective 
signs, according to (19). 



5cd— 2a + Axy 


lOnni— 3tiy'+ %a*x 


2cd+ 3a— 5xy 


- 6a»»+ Uy'-lOa'x 


8a- %xy 


4am ~ Sdy'— 2a'z 


-Gcd +l^xij 


7am~lZdy'+ Ga'x 


- 3a— '^xy 


- 5am + Uy'- Wx 


+ lla+ xy 


am + 18dy'— a'a: 


Acd-lba 




5crf+ 2a + 5xy 


raw -lOa'a; 


4. Add2o + 85-4c- 


9and5a-3S + 3c-10. 




iSwrn, 7rt + 5i-2c-19. 



5. AAA3ay + ibx—5ac,'ibx—3ac + fiay, Bac—7ay+iibz, 
and 9ac—3bx+7ay. 

6. Kequired the sum of 3ax~ibc + V2cx, lex— 
libc, Sax—12bc + 3cx, and 2bc—Gax+8cx. 

* A. Rule states a process ia generBl terms. Let tht 
always be required to give the reason for every step. This 
be done In the case of each ^sample'. 
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7. Add az^'^ab'^bdj 3M— 2aa;+a^, 7ai— 2aa;— &{?, 
and 6ab—3ax-{-12bd. 

8. Add 3aW+4a^— 5cT, Scx—llabx+12abdy %abx— 
12cx-\-^abdy2i,viA. 1cx—lbabx-\-Zabd. 

9. Add 7*— 2a'— iry,5a*— 6*+3ary,^--3a'+4, and a'— 
b^dxy. Suniy b-\-a*—xy-\-4^ 

10. Add 3y-2a* + 13, 3a'-2y-5, 4a5 + 7a*-3, and 
2b^—a'+ab. 

11. Add ax''—2y-{-b, 2ij+2ax'—3b, 4:aaf—y-'b, and 
2J— 3aa;' + *. 

12. Add 2c*+a' + 35c, 5c'— 3a'— 2^^ c' + 2a'— ^c, and 

b + bc—d. 

13. Add aJ + aV— 5, 3aJ— 3a'c+7, 2aV— 2a5— 3, and 

aJ + aV + 5. 

14. Add 3*'— 2a'a;+J, — y + 3a'a:— 3*, b*—a*x+c, and 
3b^ + b—dc. Sum, 6^'—^— 2c 

15. Add 2a' + 3— ac, 3a'— 7+ac, 3ac— 5a' + 9, and 3atf 
+ 4— a'. Sum, — a'+9 + 6ac. 

16. Add b'c+2-i/\ y'-SJV-lO, 2^^-3+2^', and 
^'-y' + 5. 

[Note. — For the addition of terms with respect to a common 
letter, and the use of the parenthesis in general, see Sec X.] 
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SECTION Vl. 

STJBTRACTIOJf. 

1. If you add — 2ar» to hax, how much of the hax will 
be destroyed ? 

2. If you add ^ax to —haxy how much of the — Saa; 
will be destroyed ? 

21. Adding a negative quantity destroys an equal posv- 
tive quantity ; and adding a positive quantity de^ 
stroys an equal negative quantity. 

3. How can you show that adding 2ax to bax destroys 
— 2aa?? 

Answer, hax is the same aS ^ax—2ax. Now, adding 
+ 2aa;* to lax—2axy the +2aa; destroys the — 2aaj and 
leaves 7aa:. 

4. How can you show that adding —%ax to —bax de- 
stroys •\-2ax? 

Suggestion, — Observe that — 5<m? is the same as —lax+2ax. 

5. In subtraction in arithmetic you have learned, that 
the subtrahend and remainder (or difference) added to- 
gether make the minuend. If, therefore, you destroy the 
subtrahend out of the minuend what Remains ? If 5a4- 
^bx—2cy is the subtrahend, what would you have to add 
to a minuend to destroy this subtrahend out of it? 
What would you have to add to destroy 5a ? What to 
destroys 3 Ja:? What to destroy —2c?/ ? Then, if you 

* The + sign is written in sucli cases simply for emphasis. 
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9 
■^ ^^ — ^^^,^^^ 

add to the minuend — 5a— 3to+2cy, what would be left ? 
(The Eemainder.) 

How to Perform Subtraction* 

22. WLE.—Change the signs of each term in the sub- 
trahendfrom + to —, or from — to +,or conceive them 
to be changed, and add the result to the minuend. 

1. From 6aX'-'2cy -h 10^—8, subtract 2aa;+3cy— 12J— 5. 

Operation. 

5aa;— 2ct/ + lOh — 8 Minuend. 

— 2aa;— 3cy + 12b + 5 Subtrahend with its signs 

changed. 

3ax—5cy + 22b—3 Eemainder obtained by 

adding the subtrahend with its signs changed to the 
minuend, 

Reasons. 

Why do you change the signs of the subtrahend ? Ans, To 
get a quantity which added to the minuend will destroy out of it 
an amount equal to the given subtrahend, according to (21). 

Why do you add the subtrahend with its signs changed to the 
minuend? Ans. Because, as the minuend is the sum of the sub- 
trahend and remainder, if we destroy the subtrahend from out the 
minuend, we have left the remainder. 

2. From 4aft + 3c8— try subtract 2a*— c® +3a:y. 

Bem-y 2ab + 4c* — 4ry. 

3. From 6a^+dbc—cd-\-3x subtract 2a^—bc+3cd. 

Bern,, da^ ■^4:bc—4ccd+3x. 

4. From Ta^J— aJc+4a:y subtract a*J + 5a*c— jry 



SUBTRACTIOIi. 29 



6. From Sa^—^aH—2bc-\-10 subtract Sa^+a**— 5. 

6. From ^h^c-\-ahx-\-2xy^ subtract h^c—^ahx-^^xy* 
-3. 

7. From ^ax—^hy^-Aidx subtract Zdx^bax-\-^hy. 

8. From ^hcx-\-^aby—4hx subtract 3Jca;4-2aJy— 4^2;. 

9. From 3bx—4:acy + bxy subtract itacy—bbx^bc. 

10. From 9ab—7de-\-Seg subtract deg^Hde—dab. 

11. From 2x^—3y^ subtract 2x^ +3y^ 

12. From x^ -\-2xy-\-y^ subtract x^^2xy+y*. 

13. From x^—2xy—y^ subtract x^^2xy-\-y^» 

14. From a—b subtract a-hb. 

15. From a-\-b subtract a—b. 

16. From dx^—2ay subtract 2b^—3mn. 

Suggestion, — Tlie subtrahend with its signs changed is — 2W 
+dmn. This added to the minuend gives 3aj'— 2ay— 25'+3mn, as 
the remainder. Since there are no similar terms, there are none 
that can be united into one. 

17. From 30a;-215.y subtract HaH^. 

18. From a—b subtract x^y. 

19. From Sx^'-2ay subtract 2x^—cd+S. 

Rem., 6x^—2ay + cd-'B. 

20. From 3m^n^ + 6xy—3c^ -10 + 12/ subtract c* — 
m^n^ +6xy—ab-\-6. 
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[NoTB. — For the subtraction of tenzui with reference to a 
common letter, and the use of the parenthesis in general, see 
Bee. X.] 



SECTION Vll. 

MULTIPLICATIOJf. 

1. What is the difference between 3 times 4, and 4 
times 3 ? 

What then is the difference between ah and ha ? 

2. What is the difference between 3x5x7, and 7 x 3 x 
5, and 5x7x3, and 3x7x5, and 5x3x7, and 7x5x3? 

What then is the difference between ahc, achy cha, cah. 
hac, and hca ? 

23. The product of several factors is the sar/ve in 
whatever order they are taken. It is, however, cus- 
tomary to write the literal factors of a term in their 
alphabetical order. 

Thus we write a^, not cca ; also abc instead of any other of the 
six possible orders. 

3. Three times $5 is 15 what? 
Six times 7 rods is 42 what? 
What is the product always like ? 

4. Can you multiply 15 by $3 ? 

What would 3 dollars times $5 mean ? * 

* Of course this is absurd ; it is nonsense. The multiplier is 
always to be conceived as an abstract number when the operation 
is performed, as has been taught in arithmetic. 
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Can you multiply 7 gallons by 6 gallons ? 
What kind of a quantity must the multiplier always 
be conceived to be ? 

24. The product is always to be conceived as of the 
same hind as the multiplicand, and tlie multiplier 
as an abstract (mere) num^ber, showing simply how 
many times the multiplicand is taken. 



Signs of the JProdud. 

1. Since a multiplied by h is ab, if a is a positive quan- 
tity what is ab? If a is a negative quantity what is ab ? 

Then +a multiplied by b gives what? {Ans. -^-aby 

according to 21.) 

Also — rt multiplied by b gives what? {Ans, —ab, 
according to 21.) 

2. If we understand the sign + when placed before a 
multiplier to indicate that the product is to be added, 
and the sign — that it is to be subtracted, what is +a 
multiplied by +5? 

Answer. +a multiplied by b is +a^, as we saw above. 
And, as th"e sign + before the multiplier b shows that 
this product is to be added (to any others with which it 
may chance to be connected), it is to be written with its 
own sign. Hence +a multiplied by 4- J is +a6« 

3. With the same understanding as in Example 2, what 
is the product of +a by — J ? 

Answer. +a multiplied by J gives +ab. But as the 
— sign before the multiplier shows that this product is 
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to be subtracted (from any other quantities with which it 
may chance to be connected), its sign must he changed 
Hence +« multiplied by —b is —ab. 

4. With the same understanding as above, what is tha 
product of —a by + A ? 

Answer, —a multiplied by b is —ab. And as the 
+ sign before the multiplier shows that the product is 
to be added, it is to be written with its own sign. Hence 
—a multiplied by +^ is — «J. 

5. With the same understanding as above, what is the 
product of —a by —J ? 

Answer, —a multiplied by } is —ab. But as the — 
sign before the multiplier shows that this product is to 
be subtracted, its sign must be changed. Hence —a 
multiplied by —J is +ab, 

25. When two factors have tJie same sign their pro- 
duct is positive : when they have different signs 
their product is negative* 

6. What is the product of —a, —b, and — <?? 

f 
Suggestion* — The product of —a and ^h is +a5; and the 

product ot +ab and —c is ^abc, 

7. What is the product of —a, —8, — c, and — t?? 

Suggestion. — The product of —a and —ft is +a5 ; the product 
of + a6 and —c is — oftc ; and the product of —abo and — cf is 

+ abed. 

26. The product of any number of positive factors is 

positive. But the product of an odd number of nega- 
tive factors is negative, whereas the product of an even 
number of negative factors is positive. 
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To Multiply Two Monomials Together^ 

I. "What is the product of Zab and 6ab ? 

Aiiswer. Since in the literal notation a product is indi- 
cated by writing the quantities side by side (Sec. IL), ^db 
X 5a5 may be written 3ab6ab. Now, as the order of the 
factors is immaterial (23), this may be written 3 x baabb. 
Again 3x5=15, aa=a*, and bb—b^. Hence 3a5x5a& 

27. BVLE.— Multiply the nuTnerical co-efficients a& 
in the decimal notation, and to this product affix 
the letters of 'both the factors, affecting each with 
an exponent equal to the sum of the exponents of 
that letter in the factors. The sign of the product 
will be + when the signs of the fa^ctors are alike, 
and — when they are unlike, 

2. Multiply hmy by 3mx. Prod., Ibm^xy. 

3. Multiply 8ay by "^a^y^. Prod,, 56a»y*. 

4. Multiply 4a2^2 by Ga^ft^. 

5. Multiply \^a^x^y by ^cxy^. 

6. Multiply 3a by 2b. 

7. Multiply --5a2 by 4a. Prod., ~20a3. 

8. Multiply "lab by ^ba'^x. Prod., —Zoa^bx. 

9. Multiply —31a^y by -lOay^. Prod., 310a»y». 

10. Multiply —15m^7iy by 3n^. 

II. Multiply —my by -\-my. 

2* 



34 INTBODUCTION TO ALOEBJLL 



12. Multiply — a«^« by — a»i». 

13. Multiply acy* by — 3ac. 

14. Multiply X* by — a:^. 

15. Multiply together ZaXy — 5««, and 2«ar*. 

<Si«|yflre5f ion.— Wliat is the product of Sao; and — 5a« ? This 
product multiplied by Soj^ g^ves what? 

16. Multiply together Sc^y, ^cy^^ —acy, and —2a. 

17. Multiply together 74c»y«, 217ac«, and — 43^«y3. 



To Multiply two JFiictars together when one or both 

are Polynomials^ 

1. Multiply 3a:— 2y+45J by 5a:+3y— 2z. 

Operation. 
3a:— 2y+42; 
5a: + 3^— 2^; 

1^ — — ■ -^ 

15a;2 — 10a:y + 20a:2; 

+ 9a:y —6y^+12yz 

— 62:2; + 4y25-82;« 

15a:2— xy'^14:XZ—6y^+ieyz—Sz^ 

Explanation. — I am to take Sa:— 2yH-43,5a?+3y--22 times, since 
this is what is meant by multiplying by 5aj+3y— 22. (See defini- 
tion of multipUcation in arithmetic.) 

As a matter of convenience I write the multiplier under the 
multiplicand. Then I multiply the multiplicand by 5x. This is 
done by multiplying the parts (terms) of the multiplicand sepa- 
rately, and adding the result ; that is, connecting them by their own 
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signs. Thus I find that 5aj times Zx—%y-\-Az is 16a?*— lOajy 

Again, taking the multiplicand 3y times I have 9ajy— 6y* + 12y2. 
If this is added to 15a;*— 10a?y4-2iC2 the sum will be 5aj + 3y times 
8a;— 2^ + 4^. So I write it under the first partial product, as in ad- 
dition, but do not add it till I have all the partial products. 

I have now taken the multiplicand 5a; +8^ times. But this is 2e 
too many times, since I was to take it 5x + Zy minus 2z times. 
Hence I am to take 2z times the multiplicand and subtract it from 
the former result. This I do by multiplying by 2« and adding the 
result tnth its signs changed. That is, I multiply by —2s chang- 
ing the signs as I go. 

Finally, adding the three partial products I have 15x^—xy+14iai 
— 6y*+16yz— 8^^ which is 5x-\-dy—2z times Zx—2y + 4z, 

28. RVLE.—MulHplj/ each term of the miultiplicand 
hy each term of the multiplier, and add the prod- 

ZLCtS, 

2. Multiply 3a3j-2aA3+J4 fey 2aJ+J«. 

Operation. 
3aSJ-2a53 +J4 

+ 3a3j3-2«JB -fjc 
Prod., 6a*62+3a363-4a8**+^« 

Note. — The pupil should give an " explanation " like the pre- 
ceding. Not the "How" merely, but the "Why" should be 
given. 

3. Multiply 2^2 +4.ac-c^ by da— 6c. 



* In the literal notation it is not specially important whether 
we multiply from right to left, as in arithmetic, or fron^ left to 
right. It is customary to proceed from left to right. Thus 5aj times 
3a; is %^K &z times —2y is — lOa^. 6a; times +4« is +20a». 
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3a —hr, [Pupil give the 

C«* + \:la*c—Zac* reasons.] 

-10««c-20ac»+5c» 
Prod.,ea*+ aa»c-a3(ic*+5c» 

4, Multiply a:»+2a;y+y* by a:»— Sxy+y*. 

6. Multiply 5a— 3c by 3a, 

6. Multiply 4a;— 6+aa; by '%ax*. 

7. Mnltiply \%ax*—x*-\-x* by — Ba»a;*. 

8. Multiply 45«c+<fe—c by 3ic 

Itiply 3a;*— 5y + z by 6. 

Itiply 6aA»-3x»y + 7 by -8. 

Itiply a;+y by a;+j/. 

Itiply x—y by z— y. 

tiply x—y by a;+y. .Prodi, a;»— y*. 

tiply <i' + aS + 5* by a— 6. 

tiply 2l)*-2i)x+x* by U-x. 

tiply 5»+J'+Sby S'+S». 

tiply a^^-Sc' + Si/ by c«+y. 

tipiya'+^+ytyo*— 5^ 

tiply a;* + 3a:'+3a:»+2a;+l by «»— 3a; + l. 
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20. Multiply 2a:3— Sxy+S ^y ^^ +4a:y— 2. 

21. Multiply 6^3 -262^ + 3^^2 by a^-^baH+^e^. 

22. Multiply l+y4-y*+y' + y*+2/*^ by 1—y. 

Fred., 1—y^. 

23. Multiply x^ +x^y-\-x^y* -\-xi/^ -\-y^ by x—y. 



^^ 



SECTION VIII. 

Dirisioj^. 

1. How many times is 3 contained in 12 ? Why ? * 

2. How many times is a contained in 6ab ? That is, 
by what must a be multiplied to make Qab? 

3. Ga^x multiplied by 3ax is how mnch ? 
ISa^x^ divided by 3ax is how much ? Why ? 

4. How many times is a a factor in 3^^ J ? 
What other literal factor is there in 3a^b? 

If you take out one factor a from 3a ^ J, what is the 
result ? . 

5. What is the difference between taking out a factor, 
and dividing by that factor? 

If you take a factor 6 out of 18, what is the result ? 

6. If you take all the factors of 15, i. e,, 3 and 5, out of 
75, what have you done ? 

* The answer is, " Becanse 4 times 8 make 12.'' And so of tho 
following. 
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7. Divide 504 by 42 by taking out of 504 all the factors 
of 42, i. e. , 2, 3, and 7. 

8. Divide 16a^b by 3a by taking out of 15aH the fac- 
tors of 3a. 

9. If the product is + and one of the factors is +, 
what is the sign of the other factor ? Why ? 

10. If the product is + and one of the factors is — 
what is the sign of the other factor ? Why ? 

11. If the product is — and one of the factors is +, 
what is the sign of the other factor ? Why ? 

12. If the product is — and one of the factors is — , 
what is the sign of the other factor? Why ? 

13. The product in multiplication corresponds to what 
in division ? 

The divisor corresponds to what ? 

Then, if the dividend is + and the divisor +, ♦hat is 
the sign of the quotient ? Wliy ? 

If the dividend is + and the divisor — , what is the 
sign of the quotient ? 

If the dividend is — and the divisor +, what is the 
sign of the quotient ? 

If the dividend is — and the divisor ^, what is the 
sign of the quotient ? 



29. RULE,— To divide one monomial hy another when 
all the factors of tJie divisor are found in the divi^ 
dend, drop from the dividend all the factors of the 
divisor, and the result is the quotient. The quotient 
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is + when dividend and divisor have like signs, and 
— when tl%ey have unlihe signs. 

1. Divide -2^i)aH^ by ^hah^. QuoL, 7ab. 

2. Divide —Iba^hx^ by 3a^bx, Quot, — 5«a;. 

3. Divide 21a^b^c by Va^jz. 

4. Divide 18*8a;2 by —Qbx. 

5. Divide — 36«s^8cx« by Sab^cx. 

6. Divide —dac^t/x by 3ac^x, 

7. Divide — cZ^ca;^ by —dcx. 

8. Divide llJ^c^a;'' by js^a;*. 

9. Divide — IS^^c^^/S by —b^cy^ 



30. RULE-— i/^^,ere are factors in the divisor which 
are not in the dividend, write the divisor under the 
dividend in the form of a fraction, and cancel all 
the common factors as in fractions in arithmetic. 
The result is the quotient in the form of a fraction. 

1. Divide 15a2a; by 21aca;«. 

OPERATIOiq". rr^i ^=5 s^Fr- ^7f 

21acx^ ? X 7^c:px lex 
Explanation. — Since division is indicated by writing the divisoi 

under the dividend with a line between them, we have — j-* 

* This step is inserted only to exhibit the cancellation. The 
factors can be discerned as well without it, and in practice it should 
be omitted. 



1 
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And Bince canceling like factors from numerator and denominator 
(as learned in arithmetic) does not change the value of a fraction^ 

by canceling 3, a, and x, we have ~ — as the quotient in the form 

iCX 

of a fraction. 

2. Divide -^llaHx^ by -^aHx. Quot., ~^- 

3. Diyide -'Zlb^cx by lUbcxK Quot^ ''W^' 

4. Divide —^^aHy^ by — 22i3y». 

5. Divide — 29J3c«y« by —14.ah^c^. 
G. Divide 35a»ia;« by Ibah^x^. 

7. Divide 21a^hc* by -6a«J«c«. 

8. Divide lha*'X^y by — 10a«a;*y«. 



To JHvide a Polynomial by a Monomial* 

1. Divide 6a*x—10a^x* -h^xy by 2ax. 

Suggestion. — If we find how many times the divisor is con- 
tained in each part (term) of the dividend and add the result, we 
shall find how many times it is contained in the whole. 

Operation. - — -« — = „ — -^ r^ ^ • / 

31. RULE,— Divide each term of the polynomial 
dividend hy the monomial divisor, and write the 
results in connection with their own signs. 

2. Divide 2ai'-(Ja^xi-Sa^y-2a by 2a. 

Quot, J— 3aa;+4:a*y— 1. 
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3. Divide 14a«— 7aJ+21aa;-21a by 7a. 

Quot, 2a— J + 3a;— 3. 

4. Divide a^x + da^x^ —6ax^ +3ax by a. 

5. Divide 5b*-'10If^+5h^y-15b^ by 55. 
C. Divide I?x^+2x^—Scx^-\-7x^ by a;«. 

7. Divide 4a* -8aS-4a2J + 8a by 2a. 

8. Divide ay* + a*y'— a 'y*— ay by ay. 

9. Divide — y + i^y^- 5y*+3y* by — y. 

Quot^ 1— 5yH-5y«— 3y». 

10. Divide 3Z»3--9Z»2 + 12Z>-15 by +3. 

11. Divide — c^ +3c*--6c»+c8 by —c^. 

12. Divide %y^ —^ay-\-a^y^—'3y by y. 

13. Divide --10 + 20a-15a2 +20 by —5. 

14. Divide aH—aH^-\-aH^—a*'h by ah 

15. Divide x^y^-\-x^y^ —x^y^—xy by xy. 



To Divide one Tolynomial by another^ 

82. A polynomial is said to he arranged withreference 
to a certain letter when the term containing the high- 
est exponent of that letter is placed first at the left, 
the term containing the next highest exponent next, 
etc. 

Thus, the polynomial 6a;2y*+42;y3+4a;3y-f y*+a;*. 
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when arranged according to the exponents of y, becomes 

1. Arrange 2y^x^y^z* -^-z^ -k-y^ with reference to y. 
Again arrange it with reference to x. 

2. Arrange 2ad + a* + J* with reference to a. 

3. Arrange3a*S*— 3a*d*— 5* +a* with reference to a. 

4. Are a;*— a*a;*+2a'a;— a*, and a:*— flKC+a*, both 
arranged with reference to the same letter? 

What is the letter of arrangement ? 

If we were to multiply these two polynomials together 
in the ordinary way, would the partial products, and the 
entire product, be arranged with reference to any letter ? 
What letter? 

What would the first terra of the product be ? 

What two terras would be multiplied together to make it ? 



Ex. 1. If a;3— 3rt2;«+3a«a:— a» isaproduct,anda;*— 2aa; 
+ a* is one of the factors, what is the first term of the 
other factor ? 

By what must a;* have been multiplied to make x^ ? 

2. Divide6a2a;«+a;*— 4aa;3+a*— 4a»a;bya;«+a*— 2aa;. 

Operation, 
divisor. dividend. quotient. 

a^—2a^x+ a^x^ 

—2a^x-\-ba^x^—^ax^ 
—2a3a; + 4a«a;2 —2^2:3 



a^x^'-2ax^-\-x*' 
a.^x^ — 2ax^-\-x^ 
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Explanation. — Having arranged the dividend and divisor with 
reference to the exponents of a, and placed the divisor on the left 
of the dividend, as a matter of custom * I know that the highest 
power of a in the dividend is produced by multiplying the highest 
power of a in the divisor by the highest power in the quotient. 
Therefore, if I divide a*, the first term of the arranged dividend, 
by a*, the first term in the arranged divisor, I get a* as the highest 
power of a in the quotient. Now, as I wan^ to find how many 
times a^—2ax+x^ is contained in the dividend, and have found it 
contained a^ times (and more), I can take this a^ times the divisor 
out of the dividend, and then proceed to find how many times the 
divisor is contained in what is left of the dividend. Hence I mttl- 
tiply the divisor by a^ and subtract it from the dividend, leaving 
— 2a^a; + 5a*aj*— 4flaj'+aj*. The same course of reasoning can be 
applied to this part. Thus I know that the next highest power of 
a in the quotient will result from dividing the first term of this 
remainder by the first term of the divisor, etc. When this proc- 
ess has terminated I have taken a^, and —2ax, and x*, times the 
divisor out of the dividend, and finding nothing remaining, I know 
tliat the dividend contains tjie divisor just a* —2ax-{-x* times 

33. WLE,— Having arranged dividend and divisor 
zuith reference to the same letter, divide the first ternv 
of the dividend hy the first term of the divisor for 
the first term, of the quotient. Then subtract from, 
the dividend theproduct of the divisor into this term, 
of the quotient, and bring down as many terms 
to the remainder as may be necessary to form a new 
dividend. Divide as before, and continue the proc- 
ess till the work is complete. 

[Note. — The first three of the following examples are arranged 
for division.] 

* Some prefer to put the divisor on the right, and write the quo- 
tient under it. 
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3. Divide a;*— 3aa;»— 8a«a;« + 18a»a;— 8a^ bya:« + 2aa; 

4. Divide a»-5a*S + 10a>S»-10a«J>+5aJ*-J6 by 
a«-2aJ + J«. 

6. Divide 6a* J«+3a»J»~4a« J* + S* by3a>S-2aJ» + 

6. Divide 4aa;+4a;*+a« by 2a; + a. 

7. Divide a* J» + d»+a»J«+a« bya»-aS + J«. 

8. Divide 10ac+3c«+3a«+4S« +8a4 + 8Jc by 2S+a 
+ 3c. 

9. Divide 4a« —64a by 2a— 4. 

Operation. 

2a— 4)4a» -64a(2a* +4a» +8a« +16a 
4a8-8a* 



8a* 
8a*-16a3 



16a3 
16a3-32a« 

32a«— 64a 
32a«— 64a 

Observe that it is not necessary to bring down the term —64a 
nntil we reach one in the partial subtrahends which is similar 
to it, t. e. , in this case, not until the last. 

10. Divide 6y»— 96y« by 3y-6. 

11. Divide a* +4a;* by a*- 2aa:+2a;8. 

12. Divide a*^ —a;*' by a* +a*a; + a*a;*+aa;3+a?*. 
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13. Divide y* +4^228 —32^4 by y + 2^. 

[Note. — If the division is not exact, the remainder may be treated 
as in arithmetic] 

14. Divide x^^y^ by x-{-y. 

15. Divide 262?-19 + 2a;»-19a;8 by ic-8. 

16. Divide x^ -— y* by x—y. 

17. Divide »* —y* bya?+y. 

18. Divide a:*— y* by x—y. 

19. Divide 4a;*— 5c«a;2+c* by 2x^—3cx+c*. 

20. Divide a^—2a^x^ +x^ by a^ +2ax-\-x^. 

21. Divide 12-4a-3a2+a3 by 4-a2. 

22. Divide 4y*— 9y2 + 6y-l by 2y« +3y— 1. 

23. Divide 2a;* -32 by a; -2. 



SECTION IX. 

USE OF THE PAREJ^THESIS. 

84^ — A parenthesis ( ) indicates that all the quuantities 
included are to he considered as a single quantity, 
or to he subjected to the same operation, 

1. What is 3(a + J) ? ^a{a^--c) ? {a—h){a-^h) ? 

What is to be done to a+ J in the first case ? 

What does the parenthesis mean which encloses 



46 INTRODUCTION TO ALGEBRA. 



What is it that is to be multiplied by 3a ? 
What is a—i to be multiplied into ? 

2. Does bac—d mean the same as 5a{c^d) ? 
Into what is 5a multiplied in the former? 
Into what in the latter ? 

3. Do 2:2— y«-f-x— y ^nd (a:*— 2^*)-T-(a;— y) mean the 
same thing ? 

What division is indicated in the former ? (Only — y^ 
is divided by x,) 

What division is indicated in (:??*— y*)-r- (a;— y) ? 

4. What is {x^-l)-^{x-l)? 

Does (a;^— l)-r-a;— 1 mean the same as the former? 
What is x^—l to be divided by in the first case ? 
What in the second ? 

(a:»-l)-T-a;-l=a:«-i-l. 

5. In the expression dx-\-2i/—{x—y) what is to be done 
with x—y ? 

How do you subtract a quantity ? 
Show that 3x+2i/—(x—i/) = 2x-hSy. 

6. Show that x^ + 2x^ + 1/^ — {x^ —2x1/ -{-i/^)=Axy. 

7. Whyis3a-25-(a; + 2)=3a-2J-a;-2? 

85. When a parenthesis occurs in a polynomial, preceded 
hy a — sign, if the parenthesis is removed, the signs 
of all the terms which were within must he changed, 
since the sign — indicates that the quantity within 
the parenthesis is a subtrahend. 

8. Keraove the parenthesis from 3a;2— 2y— (2a;— 1). 
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9. If we remove the parenthesis from ^a-{-2b-\-(x—y) 
must we change the signs of the terms now within it ? 
Why? 

What is to be done with the x—y? 

Do we change signs in order to add quantities ? 

10. What is the value of 4a;— (2a;— 3) when a;=5 ? 

11. What is the value of ab—3a {I— a) when a =2, 
and b=3? Ans,, 12. 

12. What is the value of db-{-^a (1— «) when rt=2, 
and J=3 ? 

13. Explain that a-\-{ + l)=a-\-h'y « + (— ^)=a— i; 



SECTION X. 

FACTORIJfG. 

36. The Factors of a rvwmher are those numhers 
"vuKich Tnultiplied together produce it. A Factor is, 
therefore, a Divisor. A Factor is also frequently called 
a Measure, a term arising in Geometry, 

1. What are the factors of 15 ? Of 21 ? 

2. What are the factors of ah ? Of 3m7i ? 

3. Resolve 12 into 2 factors. Resolve it into 3 factors. 
In how many different ways can 12 be resolved into 2 

factors ? 

4. Is 3a a factor of 3aa;* ? 
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What is the other factor ? 
Why are 3a and a;* the factors of 3aa:« ? 
Are Zax and x also the factors of Sax* ? 
Are 3a;* and a also the factors of Zaz^ ? 
Are 3 and ax'^ ? Are 3a; and aa;? 

5. Eesolve 15a*a;' into two factors in as many different 
ways aa you can. 

Eesolve 15a* a;' into as many different factors as you 
can.* 

37. A Monomial oa7^&& resolvedinto as many different 
sets of factors as tJiere can be made groups of the 
factors of the numerical coefficient, and the literal 
factors which enter into it. 



1. Four times x and 3 times x are (4+3) times Xy or 
(4 + 3) x. 

In like manner how many times x are a times x and 
b times x ? 

2. 2a* times y and 3b times y are how many times y ? 
How is the result written ? Ans., (2a* +3J)y. 

3. Write by use of the parenthesis 3m times x, plus 2n 
times a:, plus a;. 

4. Five times a: minus 3 times x are (5—3) times x, or 
(5-3) a:. 

Ill like manner write 2a times x minus 3b times x. 

,. . . — ■ — __.^^_^__^_ 

* Of course this means without the use of fractional exponents. 
bt which the pupil is supposed to know nothing as yet. 
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5. Write 3 times y, minus 2S times y, plus y, by use of 
the parenthesis. 

6. If we consider ba^ ^h, and c, as the co-efficients of x 
in the terms box, 2bXy and ex, how many times x have we ? 

How is it written ? 

7. Considering 3m*, 6, and Qab* as the co-efficients of 
f/y what is the sum of 3m*y, 5y, and 6aJ*y ? 

^«5., (3m»+5+6ai«)y. 

88. This process is called adding the terms with 
reference to the common letter y- 

8. Add with reference to a:, the monomials 2a;, ZnXy and 
dbx. 

9. Add with reference to y, the monomials 2ay, —3bi/j 
y, —cy and «y. /Swm, (3a— 3d+l— c)y. 

10. Add with reference to a;, a* a;, and —x. 

11. Add with reference to y, 2ay, and — 3dy. 



Metnoving a JLeUer which is a Catntnan Ftictar, from 
each Term of a Tolynam,i€U. 

1. What is the product of a and a— a;? What are the 
factors of a*— aa;? 

2. What is the product of 3 and a+hl What are the 
factors of 3a+3J? 

3. What is the product of 3a* and 1— a? What are 

the factors of 3a*— 3a3 ? 

3 
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4. What is the product of 2a— 25 and xl What are 
the factors of 2flKr— 25x ? 

89. Any factor which occurs in every term of a poly 
nomial can he removed by dividing each term of tn^ 
polynomial hy it, 

5. What are the factors of «*«—«? 

6. Show that f?ia;«+wa;»=(m4-») x^ ? 

7. Write 'itax—x as the product of a binomial factor 
into X. 

8. Write 12flKC*--3a:^+a;* as the product of a tr? 
nomial factor into x^. 



The Square of the Sum of Two Numbers, 

1. What is the product of a + 5 and a+5 ? 
What are the factors of a« +2aJ+5« ? 

2. What is the product of a;+y and a;+y ? 
What are the factors of x^-{-2xy-\-y^ ? 

3. What is the product of 1 -I- a; and 1 +a; ? 
What are the factors of 1 + 2a;+a;* ? 

40. We see from the last examples that the square 
of the sum of two numbers equals the square of one 
of them, + twice the product of the two, + the square 
of the other. Thus (a + b) (a + b) is the square of the 
sum of the two nurvibers a and b, and is equal to 
a'+2ab+b*. 

4. Besolye a'+4aa; + 4a;* into its factors. 
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6. Eesolve 4a*+12aa;+9a;* into its factors. 
6. Eesolve l + 4a;y+4a;*y* into its fiactors. 



The Square of the Difference of Two Numbers. 

1. What is the product of x—y and x—y ? 
What are the factors of «*— 2a;y+y* ? 

2. What is the product of m—n and m— »? 
What are the factors of m*— 2m7J+w* ? 

3. What is the product of l—a; and 1— a; ? 
What are the factors of 1— 2a;+a;* ? 

4. What is the product of 2,—x and 2— a;? 
What are the factors of 4-— 4a;+a;* ? 

• 

41. From these examples, we see that the square of the 
difference of two numbers is equal to the square of 
one of them, — twice the product of the two, + the 
square of the other. Thus (x— y)(x— y)=x*— 3xy+y*. 

5. Eesolve 9a*— 6ay-|-y« into its factors. 

6. Eesolve a^x^—^ax-^l into its factors. 

7^ Eesolve 4a«a;«-12aJa:y + 9ft»y» into its factors. 



The rroduct of the Sum and Difference of Two 

Numbers. 

m 

1. What is the product of x+y and a;— y? 
What are the factors of x* — y» ? 
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2. What is the product of a+& and a— d ? 
What are the factors of ««— J« ? 

3. What is the product of 1 +ic and 1— a? ? 
What are the factors of 1— a;* ? 

4. What is the product of 2+ a: and 2— a?? 
What are the factors of 4— a;* ? 

42. We 8669 f^om these examples, that the product of the 
sum and difference of two nurnbers is equal to the 
difference of their squares^ Thus (x+yXx— y)= 
x«-y'. 

5. Eesolve 4a;*— 9y* into its factors. 

6. Eesolve a'^x'^ —c^y* into its factors. 

7. Eesolve wi'w*— 16 into its factors. 



IHvisors of the Difference or Sum of the same 

Powers of Two Numbers. 

1. Will a?— y divide a?*— y* without remainder? 
Try it 

Will it divide a;»-y 8? 

2. Will x—y divide »•— y* without remainder? 
Try it 

Will it divide x^ —y^ ? 

3. Will x+y divide a;*— y* ? 

Will it divide a;* +y*? 
Will it divide a;*^ +y* ? 
Try it in each case. 
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43. The difference between any two quantities is a 
divisor of the difference between the same powers of 
the quantities. 

The sum of two quantities is a divisor of the differ- 
ence of the same even -powers, and the eum of the sam^e 
odd powers of the quantities* 

4. Is a—h a factor of a^—l^ ? If so, what is the 
other factor ? 

5. Is a + J a factor of a^+J^ ? If so, what is the 
other factor ? 



SECTION XL 

COMMON' DIVISORS. 

1. Will 3 divide both 12 and 15 without a remainder? 
Is 3 therefore a divisor of 12 ? 

Is it also a divisor of 16 ? 

Is it a Common Divisor of both 12 and 15 ? 

2. Will a divide both Zax and 2a« without a re- 
mainder ? 

Is a therefore a divisor of ^ax ? 

Is it also a divisor of 2a* ? 

Is it a Common Divisor of both Zax and 2a* ? 

44. A Common Divisor is a common integral \ factor 
of two or more numbers. 

* It is not deemed expedient to give demonetrationB of these 
propositions. Let the pupil learn them, and how to apply them, 
f Since the genius of the literal notation makes the letters strictly 
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3. What common divisor have Say aud 2a*a; ? 
Have they more than one common divisor ? 

4. What common divisor have l^a^ayy and 12dbx^ ? 
Have they more than one common divisor ? 

How many ? 

5. What common divisors have 14a*a:* and 21a^cx^ ? 
Is "lax a common divisor ? 

Is7a«a;? Isac? Is 7c? Is7a«a;«? 
What is the common divisor of 14a'a;* and 21a*ca;' 
which contains the highest nnmber of factors ? 

6. What are all the common factors, or divisors, of 
QaHy^ and 4a*cy* ? 

What is the product of aZZthe common factors of these 
numbers ? 

What then is their common divisor which has the 
highest number of factors ? 

45. The Highest Common Divisor of two numbers is the 
product of all their common prime factors. 

7. What is the H. C. D.* of lOa^yS and 4a2Jy3 ? 

8. What is the H. C. D. of \%mn^x^y and dOm^n^y? 

46. A Prime Number is one which has no integral 
factor other than itself and unity. 

general in their signification, we cannot affirm that a, or &, or x, is 
an integral factor. We can only affirm with strict propriety that 
such have the integral form, a may be a fraction or a mixed num- 
ber ; as also may any letter. But this discrimination need not be 
urged upon quite young pupils, however important it is in itself, 
since failure to notice it will give them no practical difficulty. 
* H. C. D means highest common di/mor. 
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47. RULE.— To find the H. C, D. of two numbers, re- 
solve them into their prims factors, and take the 
-product of all the common factors. 



Highest Common Divisor of TnHynmnials. 

1. What are the prime factors of 2aa;*— 2fly*, and 
6a;« + \%xy + 6y « ? What the H. 0, D. ? 

Suggestion. 2ax* — 2ay • =2a(aj« --y«)=3a(aj--y)(aj + y). 6«* + 

12ii!y+6y*=6(aj*4 2ajy+y*)=2.8(aJH-yX«+y). We now see that 2 
and x+y are the only common factors. Hence their product, 
2aj+2y, is the H. C. D. 

2. What is the H. 0. D. of 3a«a;+4a»a:, SLuAa^y— 
6a^y^ ? 

3. What is the H. 0. D. of ba^c-^lOa^c^, and 10a«J 
— 6a^bx? 

4 What is the H. 0. D. of 2aa;«— 6a«y, and 4a«a;+ 
8ay«— 2a? Ans.,2a. 

5. What is the H, C. D. of ax^+2a^z+a^, and ax^ 
— aSflj? 

6. What is the H. C. D. of Sab^—Uax^, and 6a« J« + 
24a«5a;+24a«a;2 ? 

7. What is the H. C. D. of 4:bx^-'4:by^, and Sb^x*- 
Sb^x^y^ ? A7is.y 4:bx—'4^yy 

8. What is the H. C. D. of Wax + Say, and 14a;«y V 
21axy^ ? 
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SECTION XII. 

COMMOJf MULTIPLES. 

48. A Common Multiple of two or more numbers is an 
integral number which contains each of them, as 
a factor, or which is divisible by each of them,, 

1. What are all the factors of 30 ? 

Will any number contain 30 which does not contain 
all the factors of 80 ? 

2. What are the factors of 6 ? 

Will any number contain 6 which does not contain 
the factors 2 and 3 ? 

Does 9 contain both of the factors of 6 ? 
Will 9 contain 6 ? 
What factor is lacking ? 

3. Will 56 contain 15 ? 

What factors of 15 does 56 lack ? 
Does 54 contain all the factors of 15 ? 
Does it contain 15 ? 
What factor of 15 does it lack ? 

4. Does 42 contain all the factors of 6 ? 

Does it contain any other factors than those of 6 ? 
Does its containing other factors prevent its contain- 
ing 6? 
Is 42 a multiple of 6 ? Why ? 

5. Does 12a^x contain all the factors of ^ax ? 
Does it contain any other factors than those of Zax? 
Is 12a*a; a multiple of dax ? 
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6. Is l^m^y^ a multiple of %mx ? Why not ? 
Does it contain all the factors of ^mx ? 
What one is lacking ? 

If you put in the lacking factor, will it (16m*iry") be a 
multiple of %mx ? 

7. What factors must you put into Sa^y^ to make it 
a multiple of Qa^y ? 

49. One number* to be a multiple of another, must 
contain all its factors. 

8. Is 16 a multiple of both 8 and 4 ? 
Does 16 contain all the factors of 8 ? 
All the factors of 4 ? 

9. Is 42a*a;3 a common multiple of Qax and 7aa:', 
i. e.y does it contain all the factors of each ? 

10. Can a multiple of any number be less, or of lower 
degree, than the number itself? 



Least or Lowest Multiples* 

60. A number is its own least or lowest multiple. 

1. Can 70 and 42 have a common multiple less than 
70? 

Can any two numbers have a common multiple less 
than the greater of the two ? 

Is 70 a common multiple of 70 and 42? Why not? 
Ans. Because it does not contain 42 ; and it does not 
contain 42 because it does not contain all the factors of 
42. 

3* 
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What factor must be put in with 70 in order to make 
a product which will contain 42 ? 

51. Two numbers cannot have a common multiple 
less, or of lower degree, than the larger, or the one of 
the higher degree. 

2. Can 5a*S* and ^aHx have a common multiple 
which does not contain all the factors of ha^b^ ? 

Can they have one which does not contain all the fac- 
tors of Ta'te? Why? 

What factors has laHx which haH^ has not? 

If we multiply 5a'i* by all the factors of Ka^bx, which 
it does not already contain, will the product be a com- 
mon multiple of the two numbers? 

52. The Least Common Multiple of two or more numbers 
is the least integral num/her which is divisible by 
each of them/. 

53. RULE.— To find the L. C. M. of two or m^re lit- 
eral numbers, multiply the nuTVvber of highest 
degree by all the factors of the next highest num- 
ber which are not found in it ; this product by all 
the factors in the next highest which are not 
found in the preceding, and so proceed with all 
the numbers. This product is the L. C. M. 

Reason. — This product contains each number because it con- 
tains all the factors of each. It is the L. C. M. because it contains 
no unnecessary factors. 

3. What is the L. C. M, of a;«+2a;y+y« and Sarc* — 
3ay8 ? 

Sfiggestion. — ^The factors of aj*+2ajy+y* are aj+y and a?+y. 
Of 3005*— 3ay* the factors are 8a, aJ— y, and oj+y. Hence (3<mj* — 
8«y*X«+y) is the L. C. M. 

* L. C. M. signifies lowest common multiple. 
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4. Find the lowest common multiple of ax^y 2a*yy 
4y4-y*, and aa;* + 4a;". 

6. Find the lowest common multiple of 2ay*, 4:ay«, 
2a;— 4x*, and x^+ax*. 

L. C. Jf.,4aa;»y«— 8flKC*y»+4a«a;«y»— 8a«a;»y«. 

6. Find the lowest common multiple of 3a*, aa;*, 
3a + 6a«, anda;»— 3a;«. 

Z. a Jf,, 3a«a;3 + 6a8a;3— 9a«a;«-18a»a;». 

7. Find the lowest common multiple of 4y', 2ay*, 
6a— 5a J, and 10a— 5. 

8. Find the lowest common multiple of 6a, lOdby 
3y+3y«, and 6y» +3y2. 



SECTION XIII. 

FRACTIOJfS. 

54. For the various operations upon fractions in the 
literai notation, the ordinary rubles of arithmetic for 
the corresponding cases apply, only that the funda- 
mental operations of addition, subtraction, multi- 
plication and division, are performed "by the pre- 
ceding rules. 

66. It is to be observed, however, that the conception 
to he taJcen of a fraction, in the literal notation, is, 
that it is an indicated problem in division, the nu- 
merator corresponding to the dividend, and the de- 
nominator to the divisor ; and hence, that the value 
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of the fraction is the quotient of the numerator di- 
vided by the denominator. All the operations are to 
be explained on these principles* 

56« The same terms, as Integer, Entire, Mixed, Proper, 
Improper, etc,, are used in reference to fractions in 
the literal notation as are used in arithmetic, and 
with a significance so similar that the definitions 
need not be repeated. 

67. Reduction, in mathem/atics, is changing the farm 
of an expression without changing its value. 



Iteductian to Lowest Terms. 

58. RULE.— T(9 reduce fractions to their lowest 
term^s, reject all common faxators from both terms, 
or divide both terms by their H. C, D. 

Reason. — The numerator being the dividend and the denomina- 
tor the divisor, rejecting common factors does not alter the quo- 
tient, which is the value of the fraction. Thus it is evident that 
if a divisor is contained in a dividend 8 times, half that divisor will 
be contained in half that dividend 8 times, etc. Hence, rejecting 
common factors from numerator and denominator does not alter the 
value of the fraction. Again, when all common factors are rejected, 
the fraction has the lowest* possible numerator and denominator, 
since to reject any factor from either which is not common would 
change the value of the fraction. 



* It will not do to say of y that h indicates that a quantity is to 

be separated into h equal parts, etc., since the genius of the literal 
notation requires that h represent any quantity, fractional as well ap 
integrals 
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L Eeduce zrz — =— ^ to its lowest terms, 

^ 2ba^m^x 5-tka7kik4^ 5a 

Operation". ^^ — 5-?= o «tx 111 =^ — ^« 

2. Reduce ^^, ^ to its lowest terms. 

^ _ , 12a«S8— 16a8& , ., , ., 

3. Eeduce o ^^i . a ki.« to its lowest terms. 

Suggestion4 — ^Divide numerator and denominator bj 4a*b. 

4. Seduce ~— = ^ to its lowest terms. 

^ ^ , 14fl«a;2— 21aa;8+56a3a;« ^ .. i . 

5. Eeduce ^^ , , — ^7= — r to its lowest 

terms. 



Suggestion* — In attempting to reduce such a fraction, first ob- 
serve whether there is a common factor in the numerical co-effici- 
ents. In this case 7 is such a factor. Then notice if any letter or 
letters are common to all the terms, and the term or terms which 
contain the lowest powers of these letters. In this case a and x are 
in each term. There are two terms which have simply a, and two 
which have aj*. Hence, we can divide numerator and denominator 
of the fraction by 7a2J*. C^uld we by 7a«a;- ? By7aa'? Why 
not ? After having removed the monomial factors, examine the 
resulting fraction and see if any binomial factor exists. In this 

case we have — r— r — -r — . If there is a binomial factor, we can 

* Of course in practice this step is omitted. But the student 
should see that it is always implied, and it is a convenient form to 
indicate the cancellation. 
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detect it easiest in the denominator, since, i£ tliis can be factored 
it must be by (42). 

b. iteauce ^a^x^y^-^a^x^y^ 

^ ,. 2a-Sx±W 
lowest terms. KesuLh — \^a^x ' 

7 Reduce .^'«'+8«'^*-l^"'^' to its lowest 
7. Kettuce 4aJa.»_20a»a;+a8ffl«a!y 

terms. 

8-««duce ^-3^^^,iL_ to its lowest terms. 

Slia^e««onr—Having removed the monomial factor there le- 

gults ^'""^'^ Factoring the numerator it becomes aj(a;*— 6*), 

or aj(aj-6)(aJ+6), by (42). Now the question is whether any 
factor of the numerator is found in the denominator, and hence 
can be canceled. 

9. Reduce -^^^ *<> its lowest terms. 

10. Eeduce ^„ ^, - to its lowest terras. 

•c* — y 

Result, -^^ — . 

11 Ppdnee fl«-g«a;* to its lowest 

terms. 

12. Eeduce ^'"^3!!^' *» ^^ lo^^s*^ *®""^ 

•7 
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To Reduce a Fradian from an Improper to an Inte^ 

grtU or Mixed farm. 

69. ^\M£,— Perform the division indicated. 

Reason. — As a fraction is but an indicated operation in division 
we may perform the operation and get the quotient, which is the 
value of the fraction. 

1. Eeduce — to an integral form. 

x—a 

Resulty x—a. 

Suggestion* — Divide the numerator by the denominator. 

3, Eeduce to an integral form. 

Ad — OX 



3. Eedace j-z to an mte- 

4c* —ax 

gral form. 

4. Reduce = to an integral form. 

oa-{-x 

er T» J 12c»+8ac«a;8— 3aca;— 2a2a;8 .. . , 

5. Seduce -^ — -^ — r to an inte- 

gral form. 

6. Eeduce -^ — to an integral or mixed form. 

y 

Opekation. ^'-^ — -• The term ay can be divided by y^ 

o 
a + - 

y 

giving a. But we can only indicate the division of h by y, by 
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writing it in the form — ; and as the sign of both h and ^ is + , the 

if 

quotient, — , is + , and is to be added to a, 

n 

7. Keduoe ~ to an integral or mixed 

4 

form. BesuUy 4x^ —2 4- t-. 

8. Beduce to an integral or mixed form. 

Result, 2ax . 

a 

Query,— Why has — the — sign ? 

9. Eeduce to an integral or mixed 

a+z 

form. Result, a^^ax+a? 



a+x 



10. Eeduce — to an integral or mixed form. 



11. Eeduce — k—twi — ^ a mixed form. 

12. Eeduce r- to a mixed form. 

14. Reduce a7«»-3^'-4.+9a', 

9a* 
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To Reduce Mixed farms to Improper forms. 

60. WLE,— Multiply t?ie integral part by the £iven 
denominator, and annexing the numerator of the 
fractional part, if any, write the sum, over the given 
denominator, 

Dem* — ^In the case of a number in the integral form, the proc- 
eBs consists of multiplying the given number by the given de- 
nominator and indicating the division of the product by the same 
number, and hence is equivalent to multiplying and dividing by 
the same quantity, which does not change the value of the num- 
ber. The same is true as far as relates to the integral part of a 
mixed form, after which the two fractional parts are to be added 
together. As they have the same divisors, the dividends can be 
added upon the principle that the sum of the quotients equals the 
quotient of the sum. 

L Eeduce 2a— x* H to a fractional form. 

a—x 

Model SOLirnoN.f — ^Multiplying 2a— «• by a—x, I have 

2a*— oa?*— Sooj+aj', which divided by a—x, of course equals 

A « A « 2a*— oaj*— 2aiiJ+a5' ^ . 3aaj— 4a* 

2a-a;* ; or 2a-aj*= — — /. 2a-a;*+ = 

a—x a—x 

2a'— oa;*— 2aa?4-aj' Soa?— 4a* _ ' 

a^ ' a-'X ' *' *'' *^® ^^™ ®' these two 



* This abbreviation stands for " Demongtration." A demonstra- 
tion is a proof of the correctness of a rule, or the truth of a state- 
ment. It is a more formal and scientific statement of what has 
heretofore been called " Reasons." 

t These solutions are designed as models for the pupil in the 
explanations given by him from the blackboard. In the earlier 
part of this very elementary treatise it is thought that the pupil is 
introduced to so many new ideas, that it would be unwise to attempt 
much rigor in regard to his style of explanation 
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quotients eqaals the qaotient of the sum, I have, after nni trng 
Bimilar tenns, 



a— a? 

2. Eeduce %x — ^ to the form of a fraction. 

X 

3. Eeduce a-\-x~ — ^ to the form of a frac- 

a — X 

tion. 

Suggestions.— The integral part, a+x, multiplied by the de- 
nominator, a— a?, gives a*— a?*. Now notice that the numerator, 
a* +2ax+z*, is to be subtracted from this, as the sign before the 
fraction is — . If we subtract a*H-2aaj+aj* from a*—x*, we have 

— 2aa;— 2iE* 2aia+fl;) 

— 2air— 2aj'. Hence the result is — , or . 

a — X a — X 

We may also write this thus : 

a*+2ax+x* a«— aj«— (o»+2afl?+jj«) -^ ., ^^ 

a+x = ^ • Now the quantity 

a — x a—x 

in the parenthesis is to be subtracted from the a*— «*. Hence, 

changing the signs of the terms in the parenthesis, and dropping 

a«--aj*— a*— 2oa?— «* _. ... . .. 

the marks, we have ' Umting smular 

— 2aa;— 2a?* 

terms, this becomes — * 

' a — X 

4. Eeduce 1— ^ "1 ^ ^ ^ — to the form of a frac- 
tion. Result, ^g^^^ . 

5. Eeduce a— a: + — to the form of a frac- 

a-^x 

tion. Result, — -— • 

a-t-x 

6. Eeduce dx = to the form of a fraction. 

5x 
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8. Eeduce 7a:— 3y+- - ^ - to the form of a frac- 

tion. 



9. 


Reiacea+x to the form of a fraction. 


10. 


Bednce a*—ax+x* — ~ to the form of a frac- 

a + x 


11. 

tion. 


Reduce g+y-'^ ~^ "^ to the form of a frac- 



Ta Reduce Fractiona having different Denomtna^ 
tors to Equivalent Fractions having a Common 
D^iotninettor. 

61. nULE.— Multiply both terms of each fraction 
by the denominators of all the other fractions. 

Deu.— This {^rea a commoQ denominMor, because each denami- 
nator is the product of all the denominatorB of the several frac- 
tions. The value of any one of the fractions is not clianged, 
because both nnmeralor and denominator are multiplied by the 
Bame number. 

1. Eeduce the fractionB — , — r, and p, 

y a-\-o a—b 

equivalent fractions haying a common denominator. 
Mod&lSolctiOK.— MultlpIfingbothtermBof the traction - 
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a+b and a—b, or by a*— ft*. I have — = =-5- » "wMch has the same 

a^y—b^y 

X 

value as — , since the numerator and denominator have been 

y 

multiplied bj the same number. In like manner multiplying both 

tenns of ?4 by y and a-J.l have g«y-^-^+6'y the 
a-k-b "^ " a*y—b^y * 

%—b 
value of which is the same as : , since, etc. Finally, mul- 

tiplying both terms of r , by y and a +6, I have 

— 2 ^ — ^ ^ which has the same value as r- , since, 

a'y—b'y a—b 

etc. These fractions have the common denominator a*y—b*y, as 

in each case the new denominator is the product of all the old 

ones. 

2. Keduce -, — , and -, to equivalent fractions 

X y z 

haying a common denominator. 

3. Bednce r-5 — 9 and 7 .to equivalent fractions 

by y 4 

having a common denominator. 

4. Eeduce , , and ^, to equivalent frac- 

x-{-y X — y 6 

tions having a common denominator. 



To Reduce Fractions to Equivalent Fractions hav^ 
ing the Lowest Common Denom^inator. 

62. B\}\JE..—Find the lowest common multiple of all 
the denominators, for the new denominator. Then 
multiply both numerator and denominator of ea^h 



FRACTIONS. 69 



fraction hy the quotient of the lowest common de- 
nominator divided hy the denominator of that frac- 
tion. 

Bem;. — The purpose in getting the L. C. M. is to get the lo\jbest 
number which can be divided by each of the denominators. The 
process does not change the value of the fractions, since it does 
not alter the quotient to multiply dividend and divisor by the same 
number. 

5. Eeduce = , 7- r-., and y. r^, to equiva- 

1— a (1— a)2 (1— 0)3 ^ 

lent fractions haying the lowest common denominator. 

Model Solution. 

Operation.— The L. C. M. of l—o, (1— a)*, and (1— a)' is 
ax(l~a)* _ a—^a^^-a^ g'x(l— g) _ 

a*— a' , a* a* 



, and 



Explanation. — ^By inspection I observe that (l—o)' is the 
L. C. M. of the denominators, since it is the lowest number which 
contains itself, and it also contains each of the other denomina- 
tors. Now, to make the denominator of 3 , (l—o)', I must 

l—o ^ 

multiply it by (1— o)'-^(l— a) ; 1. e., by (1— a)*. But to preserve 
the value of the fraction, I must multiply the numerator by the 



same 



... „, a o(l— a)* o— 2o* + o® . 

quantity. Thus ^ =-;^ rr== — ;: s-3 n \ etc. 



<j"8 /» ft j» 

6. Eeduce -7-, r— , and ^ ^ , to equiyalent frac- 

tions having the lowest common denominator. 

dx^y^ 4:ay 2a— 2z 



Equivalent fractions 



12y^ ' 12y« ' 12y» * 
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7. Eeduce -r ^ , , and — -- , to equivalent 

fractions haying the lowest common denominator. 

8 to 11. Bediice the following sets of fractions to 
equivalent sets haying the lowest common denomina- 
tors. 

Q a b ,1 

X X* x^ 

9. 4> irz-^y and 



4' 2a; «' 2+a;' 

10. -i — -^, —- :, and 



a*— a;*' a-ha;' a— a;' 

11 3 5 

^^- 2a;3-2:ry«' ^"""^ 6(a;+y)« • 



2V> ^dd jFracfioni?. 



1. Twelye diyided by 3, +15 diyided by 3, +21 di- 
yided by 3, makes how much diyided by 3 ? 

2. Eight diyided by 5, +11 diyided by 6, +3 diyided 
by 5, makes how much diyided by 5 ? 

3. a diyided by S, +c diyided by J, +d diyided by h, 
makes how much diyided by S ? 

. T fn X V , , ?7i+a;+y ^ .-^ ^ 

4. Is — H h- equal to • Why ? 

n n n u 
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68. The sum of the quotients of several numbers di- 
vided by the same number is equal to the sum of the 
nuwibers divided by this cow/mon divisor. 

04. RULE.— 2b add fractions reduce them, to forms 
having a com/mon denominator, if they have not 
such a form, and then add the numerators, and 
write the sum over the common denominator. 

Dbm. — ^The redaction of the eeyeral fractions to forms having a 
common denominator, if they have not one, does not alter their 
values (62), and hence does not alter the sum. Then, when they 
have a common denominator (divisor), the sum of the several quo- 
tients is equal to the quotient of the sum of the several dividends, 
divided by the common divisor, or denominator (68). 

o. Add -, ^, and -. /^wwi, -^- 

MODSL Solution. — Reducing the fractions to equivalent ones 
having a common denominator, I have 



X 3-5a; 
2 ~ 3-5-2 


"" 30' 


X 2*5a; 
8 ■" 2*5-3 


lOflj 
" 30* 


X 2*8a; 
5 ■" 2*3-5 


to 
""30' 



I 

As the new fractions are equivalent to the given ones, I have 
■XXX 15a; Ito to 31a; . ^, . .i 

3 + 3 + 6= 30- + -80 +80 = 10'"""* ^^ """ of the quo- 

tients is equal to the quotient of the sum of several numbers di. 
vided by the same number (63). 

6. Add "5 , and — ^r— • Surtiy — ^— - 
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IV A ij ^—x , 3a;— 1 ^ 13a;— 1 

7- Add — ^— > and — - — • 8um^ — -^r— . 

d A lU 

8. Add 5 , and — -^. Suirij — - — =^- • 

9. Add -— — J, and j- fiwm, -r r- . 

l+a?* 1— a;' 1— a;* 

10. Add =-^, and ^ 



1+aj' l-a;« 



11. Add r> and 



a;— 1 • x-^% 



-lo KAA 1+a^' J 1— a;« 

12. Add -— , and j-pp 



13. Add — r r, , and — 



flKB+a+a? 



Sum, 



a^—z^ 



14. Add 3a;, a; +-7-? and 4a; — =- 

4 D 



Suggestion. — In adding mixed numbers it is usnallj beet tc 
add the integral and fractional parts separately. 

15. Add 4a;, 3a;H — 5 — , and 5a;— 



2x 



16. Add -:r^ and ^^^ 



x*—y* x^—y^ 

x+t/ 



Suniy 



a;^— a;*y+a;y*— y 
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To Subtract Fractions. 

1. Ten divided by 2, minus 4 divided by 2, make how 
much divided by 2 ? 

2. Seventeen divided by 3, minus 11 divided by 3, 
make how much divided by 3 ? 

3. a divided by J, minus c divided by S, make how 
much divided by ft ? 

65. The difTerence between the quotients of two num^ 
hers divided by the same number, is equal to the 
difference between the two nwmbers divided by this 
common divisor. 

66. RULE.— To subtract fractions reduce the frOjO-^ 
tions to forms having a com/mon denominator, if 
they have not that form, and subtract the numeror- 
tor of the subtrahend from, the numerator of the 
minuend, and place the remainder over the comr- 
mon denominator. 

Dem. — ^The value of the fractions not being altered by redacing 
them to a common denominator, their difference is not altered. 
After this reduction, we have the difference of two quotients aris- 
ing from dividing two numbers (the numerators) by the same di- 
visor (the common denominator). But this is the same as the quo- 
tient arising from dividing the difference between the numbers bj 
the common divisor (65). 

4. From subtract — ^. 

x—y x+y 

4 
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I I .11* 

Model Solution. 

Operation. (x—y)ix + y) = a?* — y •, 

(g+y)x(a?-fy) __ a?«-f2ay-hy* 
(aj— y) X (x-^-y) "" x*^y^ ' 
{g— y)x(g^y) _ x*—2xy+y* 
(x +y) X (aj— y) " x* —y • ' 
(a8«+2ay+y«)— (aj«-2icy+y*) = 4ajy. 

«— y a?+y x*—y* ' 

Explanation.— The L. C. M. of x—y and aj+y is their product, 
since they have no common factor. Hence x* — y ' is the L. C. D. 

To reduce — - to this denominator I multiply both its terms by 
x-y ^ -" ^ 

35* +2aTt/ + aj' 
«c+y. which gives it — • ^ ^^® manner multiply- 

x—a x^ '~~^xv -{-f/^ 

ing both terms of — - by x^y, I have ;— ^ .^ ■ . I have now 

aj+y a?*— y« 

to subtract ^ -^^+y* f^^^ «^2^hV gj^^^^^ ^,^^ difference 
X* — y* a;* — y* 

of the quotients of two numbers divided by the same number is the 

same as the quotient arising from dividing the difference between 

those numbers by the common divisor, I take the difference of the 

numerators (the quantities to be divided) which is Aacy, and dividing 

it by x^—y* I have J^ ^ , for the remainder of — - less — -, 

x^—y** x—y aj+y 

5. From — take -r. Rem.,zr^. 

o 4 1^ 



6. 


From 


5 *»ke |. 




7. 


From 


X—l . - 

3 ^^^ 


X'\-% 

6 • 


8. 


From 


take 

x—y 


1 

x^y 


Q 


T^rnTn 


\—x^ 


l+a;« 



1 + x* 1— a;* ' 1— a;* 
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10. From :: subtract 



7d 



1+a: 1— a:«' 

11. From subtract 



A^^JR X''^A 

12. From 2a— 3a; H subtract a — 5z H 



Suggesii&n. — ^In acoordAnoe with the use of the puenthena 
(34), we maj indieaU the sabtnction thus : 

2a— 32+ fa— 5s-f j. 

Now Temoving the parenthesiB by (36) we have 

2a— &CH a+&r . 



Uniting the simihir terms and adding the fractions, we have a-fSbP 

+ 



««-«« 



X 1 

13. From a+x^ — z take a— a;H . 

««— y« a;+y 

14. From6a:4- — = — take 2x^ — To~~* 

^^ ^ ^ . 3a;— 2a , , « . 4a— 3a; 

15. From 6a H take 2aH . 

a X 

16. From ^^'T^^"^^ take -^. Rem^ 1---. 



y«-y y-1 y 



MtUtipiicaHon and IHvision of Fractions. 

67. There are two cases: Ist, when the multiplier or 
clivisor is an integer; and 2d, when the multiplier 
or divisor is a fraction. 
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Case 1. In MuUiplicationm 

68. RULE.— To multiply a fraction by an integer 
multiply the numerator or divide the denominator. 

Dem. — ^The reason for this rale is that, as the namerator is the 
dividend, if we multiply it we multiply the quotient ; and, as 
the denominator is the divisor, if we divide it the quotient is mul- 
tiplied. 

1. Multiply-^ — by 7^1 4- w. 

MoDBL Solution. 
Operation. -5 — X(»» + n)=— ^ . 

Explanation. — Since m—n is divided by 3ajy, if I multiply it 
by m-^n and then divide (or indicate the division), I shall have 
f7i+n times as large a quotient as at first. But the value of a frac- 
tion is the quotient of the numerator divided by the denominator. 

Hence multiplying the numerator of by m-\-n I have ^-^- — , 



which is m+n times 



^ * 



2. Multiply g^ by 3a. 

Model Solution. 

^ 277MJ ,^o 2*^*^ 

Operation. 3^«X3a=-^. 

Explanation.— Since 2ma; is to be divided by 3a»6*, if I divide 
the divisor by 3a, it will be contained in the dividend 8a times as 

many times as before. Hence -^ is 3a tmies g-^^. 
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Sa 

3. Multiply — by 5a«. 

4. Multiply g^^ hj a+b. 

5. Multiply -^ by l-aj. Frod^ -^ 

6. Multiply ^-^^ by 3a. 

8. Multiply ^^ by 3y. 



9. 15 is how many times -^ ? a is how many times t ? 

What effect does it have on a fraction to drop its denomi- 
nator ? 

10. Multiply -p- by 5a. 



iSft«flrflre«Won.— Multiply by 6 by dropping the denominator. 
Then multiply this product, 3aa?, by the other factor, a, of the 
multiplier. 

11. As in the last, multiply — — by (1— a:«). What 
are the factors of 1—x^ ? 

69. Dropping the denominator of a fraction multiplies 
the fraction by the number dropped. 
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12. Multiply by w*+2m/i + w*. 



13. Multiply bym*— 2wm+w*, 

14. Multiply ^—^ by a;«+y«. 



Case I, In JHwisi&n* 



70, RULE.— To divide a frcbction by an integer di- 
vide the numerator or Tnultiply the denominator, 

Dem. — The reason for tMs may be given in two ways : 
1st. Since division is the converse* of multiplication, we perform 
the converse operations, t. e. , to multiply a fraction by an integer 
we mvltiply the numerator or divide the denominator ; hence to 
divide, we divide the numerator or multiply the denominator. 

2d. As the numerator is the dividend, dividing it divides the 
value of the fraction, just as dividing the dividend divides the 
quotient; and as the denominator is the divisor, multipljing It 
divides the quotient. 

1. Divide — by h. 

c "^ 

Model Solution. — Since the value of a fraction is the quotient 

of the numerator divided by the denominator, and dividing the 

etc d 
dividend divides the quotient, I divide ac by c, and have -r- '*"<'=t» 

2. Divide 7 by c. 

* The pupil may need to be told that converse means about what 
^e would mean by opposite, or reverse. The nice distinction • 
d not be made, but he should use the right word. 



Model SoLnxiOR. — Since tlie valueof a traction ia the quotient 
of tlie numerator divided bj the denominator, and moltipljing 
the divisor divides the quotient, I multiply b bj e, and Lave 



Note.— The pnpil ehoold ba t&nglit also to expl^n according to 
the first demonetiatlon. 



Suggeation.— Divide gncceaaively by the factors of aat, i e., 
divide by a by dividing the numerator, giving -fi- Then divide 
this by X by multiplying the denominator, giving e-^. 



71. Always perform multiplication wnd division in 
fractions at much by division as potaibla, this will keep 
the results in the lowest terms. 



6. Divide ^ by %a*h. 
Multiply ^, by!Ja«*. 

7. Ihviae by a— a. 

x+y ■' 

a*—b' 
Multiply by a— ft. 
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8. Divide by a;— v- 

x+y -^ ^ 

Multiply ^^^ by ir-y. 



Case II, In MuUipUeatUm. 

1. If the nnmerator of a fraction is f and the de- 

nominator f , so that the fraction is | , and you multiply 

both numerator and denominator by 3 x 7, or 21, what 
does it become ? 

Does this process change the value of the fraction ? 

2. If a, b, c, and d, are integers, and you multiply 

a 

both numerator and denominator of — by bd, what does 

d 
the fraction become? 

Does this process change the value of the fraction ? 

3. How many times | is 3? If, then, you want to 
multiply any number by |, if you first multiply by 3, do 
you get a product too great or too small ? 

How many times too great or too small ? 

How, then, will you get the true product from this ? 

4. If a and b are integers, and wishing to multiply any 

number by ^ you first multiply by o, is your product too 

great, or too small ? How much ? Why ? 
6 times 5 is how many times as much as f times 5 ? 
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72. RULE,— lb multiply by a fraction, multiply by 
the numerator and divide by the denom/inator. 

Dem. — Let it be required to moltiplj m, which is either an in- 
teger or a fraction, by - . 

1st. Suppose a and h are both integers. Multiplying m by a 
gives a product h tittKes as large as it should be, since we were to 
multiply by only a &th part of a ; hence we divide the product, am, 

by &, and have -=-. 

c> 

2d. When either a or b, or both, are fractions. Let c be the 

a 
factor by which numerator and denominator of — must be multi- 
plied to make v a simple fraction (see Exs. 1 and 2). Then will -j- 
be a simple fraction, ». e., ac and be are each integral ; and the 

multiplication is effected as in Case 1st, giving -r— . This re- 
de 

duced by dividing both terms by c gives -=— . Hence we see that 

in any case, to multiply by a fraction, we have only to multiply 
the multiplicand by the numerator of the multiplier, and divide 
this product by the denominator. It is also to be observed that 
this reasoning applies equally well whether the multiplicand is 
integral or fractional. 



5. Multiply ^j by ^. 

6. Multiply ^ by -. 

7. Multiply ^ by |±^. 

o iLT 11- 1 2a;+3 , 10a; 

8. Multiply — = — by -=-• 

4* 
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9. M.Ui,>, 2^' b, „^. 

i9l«flrfire«ei<m«r-Maltipl7 ^^ by 2a«, by dividing tlie de- 
nominator by a, and multiplying the numerator by 2a, thus ob- 
taining their results ^^ , which is to be divided by o— &. 

To effect this, divide the numerator, thus obtaining *^^'*"^) ^ qj 
3a*H-2a6^ 
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«* — «*, a 



10. Multiply 'i— ^ by -i^.. Also by -^ 
IL Multiply ^^-^ by ^. 



Case II. In ZHvisian^ 

1. How many times is ^ contained in 1 ? 

Are f contained as many times in 1 as ^ is ? Why ? 
How many times are f contained in 1 ? 

2. How many times is -z contained in 1 ? 
How many times is a contained in 1 ? 
Then j is contained how many times? 

73. A fraction inverted, i, e.. Us reciprocal, shows how 
many times it is contained in 1. 



* It is thought better to say nothing about canoeUaUon till the 
principle of the rule is well established. 
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74. RULE.— To divide hy a fraction, invert the 
Aivisor and multiply the result by the dividend. 

Dem. — Let 7 be anj fraction, and suppose we wish to find how 
many times it is contained in c (c may be an integer, fraction, or 
mixed number). Now -r is contained in 1 - times ; hence it is 

^ntalned iae,c times — times, or — times. 

a a 

3. Divide f- tj — • 

4. Divide 7y^ by -qt— • Qmt ^ 



Uy • ^'^''' 105^- 



6. Divide 6 by -rr. 

^ 3d 

r 

6. Divide - by -. 

7. Divide ^" by ^. 

8. Divide = by — ■ — . 

c + d •' x+y 

9. Divide ^'-^7+y' by ^, 

10. Divide ~-r by -z — t. - 
a-l-6 "^ a*— 5* 
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Complex Fractions. 

1. If you multiply numerator and denominator of 
2a 

— by 6bif, what will be the result ? 

2a 
How would you multiply ^ by 6by ? 

How multiply by the factor 3S (69) ? 
How by the factor 2y ? 

OJ 

How would you multiply — by 6by ? 

How by the factor 2y ? 
How by the factor 3b ? 

76. RULE.— To reduce a mixed fraction to a simple 
one, multiply both numerator and denom^inator by 
the lowest com/mon multiple of the denomirvators of 
the partial fractions. 

DuM. — This process removes the partial denominators, since 
each fraction is multiplied by its own denominator, at least, and 
this is done bj dropping the denominator. It does not alter the 
value of the fraction, since it is multiplying dividend and divisor 
by the same quantity. 

3cy 



2. Reduce — r- to a simple fraction, and put the re- 

laxy 
suit in its lowest terms. 

ax-^-h 

3. Reduce ' to a simple fraction. 

ox— a 
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2fl« 

3d 
4. Keduce — - to a simple fraction. 

6. Beduce ' to a simple fraction, 

x-y 

SuggestiaUm — In some cases it is better to conceive the frac- 
tion as a problem in division, and work accordingly. Tlius, in 

^,. , a*— 6* a+h a—b 

this case, we have —5 7 -i = . 

x^—y* x—y x+y 

76. Itis also well to remember that as division is 
the converse of multiplication, we may divide one 
fraction by another by dividing the numerator of 
the dividend by the numerator of the divisor, and 
the denominator of the dividend by the denominator 
of the divisor. 

x^—2xy-{-x^ 

6. Eeduce — r ^ — r- to a simple fraction. 

x^-hxy + y^ / 

^-y 

Suggestion,- — Use the preceding suggestion and (76). 



Cancellation, 



77. Multiplication and division of fractions is greatly fa- 
cilitated by canceling any factor which would, in 
the final result, appear both in the numerator and 
denominator. 
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This is the same principle as the papil has become familiar with 
in arithmetic. The reason for the process is that dropping a fac- 
tor from a number is the same as dividing the number bj that 
factor; hence, dropping the same factor from numerator and de- 
nominator is the same as dividing both terms by that factor (58). 

Perform the following by canceling as much as pos- 
sible: 



1. Multiply ^j^ by ^. 

2. Divide ^"^'-yy by ^^^^±^ 



3- Multiply ?^^:^ by ^"^ 



fl— a; 



4. Multiply -^, -^, and ^, ^ ^, , together. 



6. Divide -^^ — ^ by 



4 



3 ^ 3(a-a)' 

6. Multiply ^, -— - and together. 

7. Divide = — ; — - — by -r- — -. 



Jfiased Nu/mbem. 



78, Mixed numbers Tn^a^ he reduced to imptoper 
forms, and then operated upon according to the 
common rules for addition, subtraction, Tnultiplir- 
cation, and division. But in adding and subtract- 
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ing it is usually better not to do so, but to combine 
the integral and fractional parts separately, as 
given in the suggestions under Exs. I4 and 12, 
pages 72, 76. 



1 1 

1. Multiply 1 + — by ic . Prod.^ 



x^-l 



X* " X X 



s 



2. Divide ab-\- - by -r — r . 



3. Divide 12 by ^-^^^ 



8 

— a. 



X 



4. Multiply -^- , —— and a+ ^-^ together. 



SECTION XIV. 

SIMPLE EQUATIOJ^S. 
How Problems are Solved in Algebra, 

1. John is 3 times as old as James^ and the sum of 
their ages is 32 ; how old is each ? 

SoLXTTiON. — This example i6 a very 6Uiiple one, and can easily 
be solved mentally. Thus, we see that since John's age is 3 times 
James's, both their ages together make 4 times James's age, and 
this is 32 years. Now 4 times James's age = 32 years. Hence, 
James's age is i of 32, or 8 years ; and John's age being 3 times 
James's, is 3 x 8, op 24 years. 

To solve this by Algebra, we proceed as follows : Let x repre- 
sent James's age ; then, since John is 3 times as old, 3a; will repre- 
sent his age ; and the sum of their ages will be ^x + x. Now the 
statement is that the sum of their ages is 32, hence3a;+ir=32. 
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Or, what is the same thin^, 4ij=32. If 4flj=32, a;=i of 32, or 
fl;=:8. But X stood for James's age ; hence, James's age is 8, and 
John's being 3 tinges as much is 3 x 8, or 24. 

79. The expression 3x + x = 32 is what is called an 
Equation; and it is by the use of equuations that we 
solve problems in Algebra. 

2. A merchant said that he had 72 yards of a certain 
kind of cloth, in three rolls. In the first roll, there were 
a certain number of yards; in the second, 3 times as 
many as in the first; and in the third, twice as many 
as in the first. How many yards were there in the first 
roll? 

Suggestion. — ^The equation is a;H-3a;H-2a;=72. 

Now, a; + 3aj + 2a; is 6j?, hence 6a;= 72. 

And if 6a;=72, a?, or Ix, is i of 73. a;= 12. 

QuerieSm — What does the x stand for ? Answer. The number 
of yards in the first roll. In this problem, which is the most, 
a; -h 3a; 4- 2a;, or 72 ? To start with do you know how much a; is? 
Then is it a k7iown,OT an t^TiATknc?}, quantity at the outset? 



80, The number which we desire to find as the an- 
swer of a problem is represented in the beginning of 
the solution by one of the latter letters of the alphor- 
bet, usually x, if there is need of but one letter, and 
is called the Unknown Quantity. 

3. A boy on being asked how old he was, replied, " if 
you add to my age 3 times my age, and 5 times my age, 
and subtract twice my age, the result will be 49 years." 
How old was he ? 



SIMPLE EQUATIOm gg 

Suggeatitnt,— The equation ia x+3x + St~2x=4!a. 

Hence, since x+Sx+Sx—Zx is 7x, 7a;=4fl. 

If 7»=49. iC=fo(49, or x= 7. 

4. There are three timea aa many girla as boja in a 
party of 60 children. How many boya are there ? How 
many girls ? 

5. In a barrel of sugar weighing 200 Iba., there are 
three Tarietiea, A, B, and C, mixed. There ia 7 times aa 
raneli of B as of A, and twice aa much of C as of A. 
How mnch of A is there ? How much of each of the 
other kinds ? 

Ans., of A, 20 lbs.; of B, 140 Iba.; of C, 40 Iba. 

81. The part of an equation on the left of the sign = 
is eaUed the First Member, and that on the right, the 
Second Member. 

6. There were 4 kinds of liquors put into a cask, 2 
times as mnch of the second aa of the first, 2 times as 
much of the third aa of the second, and 2 timea aa much 
of the fonrtb as of the third. The cask sprung a leak, 
and three times aa much leaked out as wua put in of t.h>a 
first kind, when it was found that there were 36 gj 
remaining. How much was there put in of each k 

SttggesHon.—The equaUon is x+2z+4a;+8x—i 



7. In a pasture there are a certain number of 
ind 23 sheep, in all 34 animals. How many cows 



B the nambei of c 



90 INTRODUCTION TO ALGEBRA. 

flent the number of cows. Then ;b+23 \b the nomber of ^^nim^u 
in the pasture, and the equation is 

a; H- 23 = 34. 

Now the x+ 23 means just the same thing as the 34, that is, 
or +23=34. 8o, if we subtract 23 from each, there will be just as 
much left of one as of the other. Subtracting 23 from 2+ 23, 
there remains x, and subtracting 23 from 84, there remains 11. 
Hence a; =11. Now as x represented the number of cows, we 
know tliat there were 11 cows. 

82* Illubtbation. — As EquAXioif may be compared to a pair 
of scales with equal arms. 




FiBST Mkmbkb = Second Mbxbsb. 

The weights in the scale pans represent the members of the 
equation ; and, as there must be just as much in one pan as in the 
other, in order that the scales should balance, so the amount in 
one member of an equation must be just the same as the amount 
in the other, in order that the equation should be true. 

Again, when the scales are balanced by the wights in the two 
pans, if we take 3 ounces out of one pan, we must take just as 
much out of the other, or the scales will not balance ; or, if we 
put any amount more into one pan, we must add just as much to 
the weights in the other pan, or the scales will not balance. 

If the scales are balanced with weights, and we change the 
weights on one side so as to have 5 times as much, how n[m8t we 
change the other side to preserve the balance t 

If we divide what is in one pan, and leave only i as much in it, 
what must we do to the contents of the other pan to preserve the 
balance ? 
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Now, it is just the same with an equation. If we make a true 
equation, there is just as much on one side as on the other ; and 
if we add anything to one member, we must add just as much to 
the other ; or, if we subtract anything from one member, we must 
uuhtT&ct just as rmtch from the other. If we multiply one mem- 
ber by 5, what must we do to the other to keep the equation true ? 
If we divide one member of an equation by 7, what else must we 
do to keep the equation true ? 

8. In a certain pasture there are three times as many 
horses as cows, and 20 sheep. In all there are 100 ani- 
mals. How many cows are there ? How many horses ? 

Suggestion.— The equation is x+Bx+ 20= lOO- 

Subtracting 20 from each member, a+dx= 80. 

Uniting the terms of the first member, 4x= 80. 

Dividing each member by 4, x= 20. 

Hence there were 20 cows; and, as there were three times as 
many horses as cows, there were 60 horses. 

Note. — Observe that, after we have made the equation, we 
want to put it into such a form that x shall stand alone in the first 
member, and then it will tell what the value of x is. Thus, ir=20 
says that x is 20, which is just what we wanted to know. 

Again, when we had a?4-3aJ4- 20=100, in order to have x alone in 
the first member, we subtracted the 20 from this member. Can 
you tell why we subtracted it from the second member also? If 
we had subtracted the 20 from the first member only, would the 
equation have been true afterwards ? Which member would have 
been the larger ? How much ? How then could we make it true ? 

Once more, when we had 4flj=80, can you tell why we divided 
the first member by 4 ? Why the second ? 

9. In a basket of 60 apples there are 4 times as many 
red apples as yellow, and 10 green apples. How many 
yellow apples are there ? How many red ? 
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10. John and James together have 75 cents. James 
has 25 cents less than John. How many cents has 
John? 

Suggestionm — Let x represent the number of cents which 
John has. Then, as James has 25 cents less, a;— 25 will represent 
what he has. But both together have 75 cents. Hence the equa- 
tion is a;-faj— 25=75. 

Now, if we drop the —25 from the first member, we make this 
member 25 greater than it now is, i. e., x-\-x is 25 greater than 
a;+2;— 25. Therefore, if we add 25 to the second member, making 
it 100, the members will still be equal. 
This gives a;+a;=100, 

or, 2a;=100. 

Hence x= 50, the number of cents which 

John has. 

11. A merchant has 90 yards of cloth in two pieces. 
The longer piece lacks ten yards of containing 3 times 
as much as the shorter. How much in each piece ? 

Suggestion. — The equation is a; + 3aj— 10=90. What do we 
want to stand alone in the first member? If we drop —10 from 
the first member, does that member become more or less ? What 
then must we do to the second member t Why ? 

12. Divide the number 60 into two parts so that one 
part shall lack 10 of being 5 times the other. 

Suggestion. — ^The parts are represented by aj, and 5a;— 10. 
They are 10 and 40. 

13. Divide the number 60 into 3 parts, such that the 
second shall be 5 more, and the third 15 less than the 
first. 

Suggestion.— T\iQ equation is aj+ic+ 5+aj— 15=50. The partg 
are 20, 25, and 5. 
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14. There are 62 animals in a field. Twice the num- 
ber of cows + 11 is the number of sheep, and 3 times 
the number of cows — 13 is the number of horses. How 
many of each kind? 

Ans.f 9 cows, 29 sheep, and 14 horses. 



15. A man said of his age, 

** If to my age there added be 
Its half, its third, and three times three. 
Six score and ten the sum will be ; 
What is my age ? Pray show it me/* 

Suggestion, — The equation is 

aj + |-f-| + 9 = 130. 
Subtracting 9 from each members 

« + o H- g = 121. 

Now, we can get rid of the fractions in the first member by 
multiplying it by 6, the product of both the denominators. Thus, 
6 times the first member is 6a; + 3uJH-2a;. Then, if we also multiply 
the second member by 6, the products will be equal. For if two 
quantities are equal,* 6 times one of them is equal to 6 times the 
other. Hence we have 6j;-f3a;+2aj=726. 
Uniting terms, llaj=726. 

Dividing by 11, x= 66. 

16. Mary gave half her books to Jane, and one- third 
of them to Helen, when she had but two left. How many 
had she at first ? 

Suggestionm — Let « represent the number of books Mary had 

* In this case the two quantities are the two members. 
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— X OS 

ftt first. Then slie gave Jane '-, and Helen - books. And wliat 

slie gave tlie other girls, added to what she had left, makes all she 
had in the first place. Hence the equation is 

X X ^ 
2+3+2=*- 

Multiplying each member by 6, 8« + 2a; + 12=6a!L 

Subtracting 5x from each member, 12=a;, or aj=12. 

That is, Mary had 12 books at first. Pupil give the the reasons. 
Thus, why multiply the first member by 6 ? Why the second ? 
Why subtract 5x from the first member? Why from the second? 

17. A boy lost 25 cents of some money which his uncle 
gave him, and gave half he had left to his brother. He 
then earned 60 cents, when he had just as much as his 
uncle gave him. How much did his uncle give him ? 

Suggestion^ — I^^* ^=* *he number of cents his uncle gave 
him. Then he had x—25 cents after losing 25 cents. After giving 

x—25 
away half of this, he had the other half, or — ^— cents, left. 

He then earned 50 cents, and the amount he had was equal to 
what his uncle gave him. 

Hence the equation is — s h 50= x. 

Multiplying each member by 2, (Why ?) a?— 26 + 100=2*. 

Uniting, —25 + 100 makes 75, and x + 75=2aj. 

Subtracting x from each member, (Why?) 75=«, or aj=76. 

Note. — The pupil must not think that because these examples 
are so simple that he can " do them in his head " without anyalge- 
biu, and may be with less work, that therefore algebra is a very 
clumsy method of solving examples. He will find by and by, that 
though the equation does not really help any in the solution of such 
simple questions, it will solve a great many very difficult ones about 
which he might puzzle his brains a g^eat while to no purpose, if 

* The sign of equality used in this way means the same as the 
word " represent. 



ft 
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•Jgebra did not com? to UU aid. Stick to it, then, and leam how 
to am this new instriunent, the Equation, and jou will by and bj 
find it wonderluUf useful. It ia a grand patent for eolvlag prob- 

N. B.—Be eaT^fid to giv6 the reason for everything you do U 
each member qf an equation. 

18. Aboy, beingasked how manymarbleg lie hod, aaid, 
" If I bad fire more than I have, ba]f the namber sub- 
tracted from 30 would leave twice as many as I now 
have." How maDy marbles had lie P 

SuggesHona, — Letting x Tepreseot tho number of marbles the 
bof had, the equation ia 



Now there is a little pccaliaritj about this equation, trhich tho 
pupil must be careful to notice whenever it occurs, or lie will make 
a great many mistaties. It ia this ; When we multiply both mem- 
bers by 3, to get rid of the fraction, we most write 60— i— 5=4r, 
The mistake would be to write GXi—x+5=ix. The explanation is, 

that the — flign before —r— showa that it ia to be subtracted 

from 30, hence the algns of the terms composing it, viz., x a— ' ■= 
must be changed, according to the rule for subtraction. Ba 
pupil may think that we do not change the aign of the x. 

does he miatakea. The — sign before the fraction -g— doe 

belong to the x, bat to the fraction cm a tehole. The sign of 

the fraction jj— ia +, since when no sign is expressed 

nnderstood. What then becomes of the — sign before the 
tion, if it is not the same as the sign of a ia the equation 60 
6=4:ct It has been dropped, since the thing signified by ! 
been performed, and the — aign before the x, in 00— *— 5, ) 
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Bign of that term in the original equation changed. The boj had 
tl marbles. 

19. What is the value of a; in the equation 3;c— 

2— 2a; 
:^=21i ? 

Suggestion, — Multipljing each member by 3, we have 9a;— 2 
+2^=64. Hence a;=6. 



20. Two boys were to divide 32 marbles between them 
60 that \ of what one had should be 5 less than what the 
other had. How many was each to have ? 

Suggestion. — Letting x = what one had, 
then 82— iT = what the other had. 

The equation is -2+5=32— a?, 

82-a; ^ 
or — 5 — h5=a?. 

Query. — Why will either equation answer the purpose? 

21. What number is that to which if 7 be added, half 
the sum will exceed ^ of the remainder of the number 
after 3 has been subtracted, by 8 ? 

flJ-f-7 25 — 3 

Eqjiation, —^ k~~®' ^^ce aj=13. 

22. The sum of two numbers is sixteen, and the less 
number divided by three is equal to the greater divided 
by five. What are the numbers ? 

Suggestion* — Let x and 16— ir represent the numbers. 

23. Divide twenty-two dollars between A and B, so that 
if one dollar be taken from three-fourths of B's share, and 
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three dollars be added to one-half of A's money, the 
sums shall be equaL How many dollars will each have ? 

An8.y A will have $10, and B $12. 

24. The sum of two numbers is thirty-three. If one- 
sixth of the greater be subtracted from two-thirds of the 
less number, the remainder will be seven. What are the 
numbers? 

25. The sum of A's and B's money is thirty-six dollars. 
If five-eighths of B's, less two dollars, be taken from 
three-fourths of A's, the difference will be seven dol- 
lars. How many dollars has each ? 

26. The difference between two numbers is twenty-five ; 
and if twice the less be taken from three times the greater, 
the remainder will be eighty ? What are the numbers ? 

27. A and B gain money in trade, but A receives ten 
dollars less than B. If A's share be subtracted from 
twice B's, the remainder will be fifty-seven dollars. How 
much money did each receive ? 

28. One number is four less than another, and if twice 
the less be subtracted from five times the greater, the 
remainder will be thirty-eight. What are the numbers ? 

29. Two farms belong to A and B. A has twenty acres 
less than B. If twice the number of acres in A's farm 
be taken from three times the number in B's, the re- 
mainder will be one hundred. How many acres has 
each ? 

30. One number is seven less than another, and if three 

times the less be taken from four times the greater, the 

5 
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remainder will be six times the difference between the two 
numbers. What are the numbers ? 

31. Anna is four years younger than Mary. If twice 
Anna's age be taken from five times Mary's, the re- 
mainder will be thirty-five years. What is the age of 
each? 

32. One number is ten less than another. If three 
times the less be taken from five times the greater, the 
remainder will be seven times the difference of the two 
numbers. What are the numbers ? 



SECTION XV. 

TBAJ^SFORMATIOJf OF SIMPLE EQTJATIOJfS. 

83. We have seen in the preceding Section what an 
Equation is, and how it is used in solving problems. We 
have also seen that the solution of a problem by an equa- 
tion consists of two parts, 1st, making the equation, and 
2d, so changing the equation that the unknown quantity 
shall stand alone in one member, the other member being 
all known quantities. The first part is called the Stat^ 
ment of the problem, and the second part is called the 
Solution of the Equation. We propose in this sec- 
tion to give attention to the Solution of Equations. It 
will be but a formal statement of what has been taught 
in the preceding section, with examples for practice. 
You have seen that after getting the statement in an 
equation we have to change the form of the equation 
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very much before we get the answer, or yalue of the un- 
known quantity. Thus in Ex. 17> page 94, we had 

— h 50=35, at the first. Then we changed it to 

At 

a;— 25 + 100=2aj; then this to ic+75=2a:; then this to 
75 =x, or a;=:75. These changes are called Transforma- 
tions. 

84. To Transform an Equation is to change its form 
without destroying the equality of the jnembers. 

85. There are four principal transformations of sim/- 
pie equations containing one unknown quantity, 
viz. : Clearing of Fractions, Transposition, Collecting Terms, 
uind Dividing by tlie co-efllclent of tlie unlcnown quantity. 

86. These transformations are all based on two simple 
principles called axioms. 

87. An Axiom is a proposition which states a princi- 
ple that is so simple, elementary and evident, as to 
require no proof 

Axioms. 

Axiom 1. Any operation may he performed upon any 
term or upon either member, which does not affect the 
value of that term or m&tnher, without destroying the 
Equation. 

Axiom 2. If both members of an Equation are increased 
or diminished alike, the equality is not destroyed. 

We shall now proceed to consider formally these several 
transformations. 
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FIBST TBANSFOBHATIOK. 

To dear an Equation of Fractions. 

88, WV£.— Multiply both members hy the least or 
lowest common inultiple of all the denom,inators. 

Dem. — ^ThiB process clears the Equation of fractions, since, in 
the process of multiplying an/ particular fractional term, its de- 
nominator is one of the factors of the L. C. M. b/ which we are 
multiplying ; hence dropping the denominator multiplies by this 
factor, and then this product (the numerator) is multiplied by the 
other factor of the L. C. M. 

This process does not destroy the Equation, since both members 
aro increased or diminished alike. 

1. Clear the equation 3 + -^— —= — :r — of frac- 



tions. 



Model Solution.* 



X X 82/'— 26 
Operation. — ^The equation is 8+ 5— ^ = — jr — . Multiplying 

both members by 6 I have 18H-2aj— aj=9aj— 78. I multiply by 6 
because 6 being the L. C. M. of all the denominators, I can drop 
the denominator of each fraction when I multiply. Thus to mul- 

X 

tiply — by 6, 1 multiply by the factors of 6, 3 and 2. To multiply 
o 

X 

- by 3 I drop its denominator (69), and then multiply this result, 

o 

X 

X, by 2, and have 2x. To multiply — ^ by 6 I have only to drop 
its denominator. Thus 6 times the first member is 18 + 2aj— a;. 



* These Model Solutions are designed as specimens of the explana- 
tions which should be given by the pupil after he has solved the 
example on the blackboard. Be sore of the Why, as well as 
How. 
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Now, as I have multiplied the first member bj 6, I must multiply 

the second by 6, according to Axiom 2, in order to keep the mem- 

8iB— 26 
hers equal. To multiply 5 — by 6, 1 multiply by 2 and 8, the 

factors of 6. I multiply by 2 by dropping the denominator 2 (69), 
and then multiply this result, 3a;— 26, by 8, obtaining 9j?— 78. 
Hence the equation dea/red of fractums is 18H-2aj— aj=9a?— 78. 

Ex. 2 — 5. Clear the following of fractions, being care- 
ful to explain the process and give the reason for each 
step as in the Model Solution above: 

2. 5+24=f . 

3 -4---15 ^ 
"^^ 2^3-^''~4' 
, a:-5 . ^ 284— a? 
4. — -; — h6a;= — - — • 
4 5 

5.^+^=16-^. See Ex. 18, page 95: 

89. }Nheneyer in clearing an equation of fractions, 
the denominator of a fraction having a polynomial 
numerator, and preceded hy the — sign, is dropped, 
the signs of all the terms of the numerator must he 
changed.* 

Ex. 6 — 9. Clear the following of fractions, being care- 
ful to notice the application of (89), giving the reason 
for the change of signs as in Ex. 18, page 95 : 

* This is really the case when the numerator is a monomial as 

well. Thus in Ex. 3, when we multiply 13— t by 12, we may 

properly consider the a;, as +«, and when we write 156— 3aj, con- 
sider the —3a; as three times the numerator wUh its sign changed. 
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6. l!^+26_2^^^g_^8 



3x+4_7£-3_^— 16 

2 3 

^ 19— a? 11— a? 

^•^ = ^ + -8-- 

Quer2^« — Slionld jou change the Bigns of the numerator of 

11— a; 

— 5 — when you drop its denominator? Why? If the second 
o 

11— a? 

member were x — would you change the signs of hoth 11 

o 

and aj? What is the sign of 11 in a? + — 5— , and in a? ^ ? 

o o 

uln«trer. It is + in both cases. 

10. Clear of fractions - H rrr— = aa; — -^ . 

a 3^ Tib 

Suggestion. — The multiplier is 6a&. The equation cleared 
of fractions is Gbx + 4a* + 2ax=6a*bx— 3ax, 

11. Clear of fractions x -\ =h • 

e 

nh 1 

12. Clear of fractions he = — d . 

X X 

13. Clear of fractions — r + 



a—h 3 a-Vh 

8tigge8tian.—The L. C. M. is 8a'— 36*. The equation, when 
cleared, is 3aaj+35aj + a*— a'aj— a&'+6'a;=:3a*6— SoS*. 



TRANSFORMATION OF 8IMFLE EQUATIONS. 103 



SECOISrD TRAKSFOBMATION. 

To Transpose a Term* 

90» Transposing a term is changing it from one 
member of the eqmation to the other without de- 
stroying the eqmdlity of the members. 

91. RULE.— 2b transpose a term, drop it from the 
member in which it stands and insert it in the other 
member with the sign chunged. 

Dem . — If the term to be transposed is + , dropping it from one 
member diminishes that member bj the amount of the term, and 
writing it with the — sign in the other member, takes its amount 
from that member; hence both members are diminished alike, 
and the equality is not destroyed. (Repeat Axiom 2.) 

2nd. — If the term to be transposed is — , dropping it increases 
the member from which it is dropped, and writing it in the other 
member with the + sign increases that member by the same 
amount ; and hence the equality is preserved. (Repeat Axiom 2.) 

Ex.1. Given 5a;+4 + 3a;— 3=13— 2a; to transpose, so 
that all the terms containing the unknown quantity, a;, 
shall stand in the first member, and the known terms 
in the second. 

Model Solution. 

Operation. 5aj + 4 + 3a;— 3=13— 2aj, 
5aj+3a;+2aj=13— 4+3. 

Explanation. — ^Dropping 4 from the first member diminishes 
that member by 4 ; hence to preserve the equality, I subtract 4 
from the second member, or indicate the subtraction by writing it 
in the second member with the — sign. Thus the term 4 is trans- 
posed. 

Bropping —3 from the first member increases that member by 
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8 ; and hence to preserve the equality I add 3 to the second mem« 
ber. Thus the term —3 is transposed. 

Dropping— 2x from the second member i7k;r«a«£« that member by 
2x, hence I increase the first member by adding 2« to it, and thus 
preserve the equality. 

I have thus arranged the terms so that all those containing the 
unknown quantity stand in the first member, and all known terms 
in the second member ; and yet I have preserved the equality. 
This is called transposition. 

Ex. 8 — 14. The following exercises are the equations 
under the preceding transfonnation, cleared of fractions. 
CaiTy forward the work of reducing them by transposi- 
tion, i. e., put them in such forms that only unknown 
terms shall be in the first member, and only known 
terms in the second. 

2. 18 + 2a;— x=9a;-78. 

3. a; +96= 6a;. 

4. 6a;+4a:=156— 3a;. 

6. 5a;-25 + 120a;=1136-4a:. 

6. 6a;+6+4a; + 8=192— 3a;— 9. 

7. 36a; + 78-30a;=225-5a;-15. 

8. 12a; + 16-70a;+30=5a;-80. 

9. 6a;-9a;+15=72-4a;+8. 

10. 57-3a;=6a; + 22-2a;. 

11. 6bx+4:a^ ^2ax=^6aHx—3ax. 

Suggestitm^ — ^When the proper transpositions have been 
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effected, all the terms will be in the first member except W. 
Why? 

12. cx-\-ax=^hc—dx. 

13. bcx^ah=—dx-~l. 

14. 3ax+3bx-{-a^—a^x^ab^ + b^x=3aH—3ab^. 

Query,— Which terms will be in the first member ? Which in 
the second ? Why ? 



THIBD TRANSFORMATIOK. 

Collecting Terms* 

92. This transformation is so simple as to need little 
explanation. Thus, when we have 

6x+4a;-9a;=72 + 8-15 

that we may add 6a: + 4a:— 9a; and call the first member x 
is evident from the first axiom, since this transformation 
does not change the value of this member. In like man- 
ner 72 + 8— 15 is the same as 65, so that if the equation 
6a:+4a:— 9a:=72 + 8— 15 is true (i. e., if the members are 
equal), a:=65 is true, for the members of the latter have 
the same value as those of the former. 

Ex. 1-4. Collect the terms in the following, and give 
the reason why the equation is not destroyed : * 

* We often liear about " changing the inalue of an equation," 
*' dividing an equation," etc., expressions which are grossly erron- 
eous. An equation is not a quantity — ^is not a thing which can be 
said to have value, be multiplied or divided. The members are 
quantities, and these can be multiplied, divided, etc. Instead of 
'< changing the value of the equation," the thing meant is '' de- 
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1. Cjt— 2ar+3ir=57— 22. 

2. 62r + 4a:+32:=192-9— 6— 8. 

3. 70a:-12a;+5ir=16 +30+80. 

4. ca:+<fo=Jc— -o^. 

Stiggettion* cx-k-dx can be added with reference to x (see 
87), and becomes {e + cQa; ; and, in like manner be— ad can be 
added with reference to b, becoming b(e — a). Hence we have 
(e-hd^=b{e—a), 

5. Collect the terms of 2a*x—x=a* +«'. 

Resulty (2a«— l)a;=a«(l+a). 

6. Collect the terms of a;+ca;=a*c— a'J+a*. 

7. Collect the termsofa«a:+2a^+d«a;=a*—2aft+ft«. 
The result should be written (a + J) *«=(«— J)*. 



FOUBTH TBAKBPORMATIOK. 

Dividing by the Co^effident of the Unknown Quantity » 

93. This also is a simple operation^ and needs little 
attention. If we have 4a;=52, we can divide 4a; by 4, 
obtaining Xy and preserve the equality of the members 
by dividing 62 by 4 also. Hence, if 4a;=52, a;=I3, since 

Btrojing the equality of the members." Thus, when we multiply 
the members of an equation, it is absurd to say we have multiplied 
the equation, for the reason given above, and it is equally absurd 
io say that it does not change the 'oalue of the equation. We have 
changed the value of the terms and members — the only things 
which have value, but we have so changed them as not to destroy 
the equation, i, e., the equality between the members. 
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■-__-_-. ^ -^ 

a; is J^ of 4a;, and 13 is \ of 52. That this transfonnation 
does not destroy the equation is evident from Axiom 2. 

Ex. 1 — 4. Divide both members of the following by 
the coefficients of the unknown quantity : 



1. 7a;=35. 

2. 13aj=169. 



3. 63a;=126. 



4. (c + i^)a;=S(c— a). 
Result in last, x= . , ■ . 

C-hO 



Ex. 5 — 7. Divide both members of the following by 
the co-efficient of the unknown quantity : 

5. (2a2-l)a;=a«(l+a). 

6. (l+c)x=a^{c-b-hl). 

7. (a + J)«a;=(a-J)«. 



94. It frequently happens that we wish to change the 
signs of the terms of one menvber of an equation. 
This can he done if we change the signs of the terms 
of the other mernber also. 

1. Change the signs of all the terms of — 6a;+9a; 
—4a:=— 72— 18 + 15, and show that it does not destroy 
the equation. 

Suggestitm* — The equation, with its signs changed, is Qx—9x 
+4aj=72+18— 15. Tliis can be obtained from — 6aj + 9a;— 4flj=— 72 
—18+15 by mnltiplying, or dividing, both members of the latter 
by —1. Hence if —6a;H-»a?—4aj=— 72-18 + 15, Saj-9aj+4fl;=72 
+18—15, according to Axiom 2. 
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Ex. 2 — 7. Change the signs in the following, and 
give the reason why the equation is not destroyed 
thereby : 



2. -4a;=-20. 

3. — 2a;— 3a:=— 70+10. 

4. 7a;-12a;=-100. 



6. — ir=10. 

7. -(a-i)a;=-(a«~J2). 



Suffgestion. — In — (a— 6)iC= — (a'—i*) we must remember that 
{a—b), and (a*— ^), bei^g in parentheses, are to be treated as single 
quantities (84). Hence the equation, with its signs changed, is 

8. Change the signs of (— l + a)a;=a(c— S). 

ResuUy {l—a)x=a{b-'C). 

9. Change the signs of — (— a+^)a;= — tt, • 

Result, (J-~a)a;= — --r. 



SECTION XVI. 

SOLUTIOJr OF SIMPLE EQUATIOJfS WITH 
OJ^E UJ^KJ^OWJf QUAJ^TITT. 

96. To Solve an Equation is to find the value of the 
unknown quantity : that is, to find what value it 
must have in order that the equation be true. 

III.— In the equation 4aj— 2=2a;+4, if we call «, 3, the first 
member is 10, and as the second is also 10 for this value of x, the 
equation is true. But if we try any (or every) other number than 
8 for X, we shall find that the equation will not be true. Thus 
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trying 4 for x, we find the first member 14 and the second 13 ; and 
the equation is not trae. Again, try 5. The first member be- 
comes 18 and the second 14, and the equation is not true. 

Let the student see if he can ascertain by inspection what is the 
value of ie in the following : 

aj+8=aB+l. 

Though this equation is very simple, it is probable that it will 
take the student some time to ffuess out the value of x which 
makes it true. Thus, 2 makes the first member 5 and the second 
7 ; and the equation is not true for this value. If he tries 8 the 
result is worse than before. But 1 makes each member 4, and for 
this value of x the equation is true, and for no other. 

But, if it is so difficult to hit upon just the value of x which is 
required to make so simple an equation true, the task would be 
quite hopeless in such an one as 

8a?--l IS^x lx ll(a;+3) 
6 2 ■" 3 6 • 

Yet we have seen that there is a very simple method of solving 
any such equation, so as to tell certainly and easily what the value 
of X is. This process is called Solving the Equation, or sometimes, 
the Resolution of the Equation. Familiarity with it is very im- 
portant, and facility can be acquired only by practice. 

96. Ont \h\ti^ must he fixed in the pupil's mind at 
the outset, viz,, that he can mahe but two classes of 
changes upon an equation : Such as do not affect 
the value of the members, or such as affect both 
members equally. Every operation must be seen to 
conform to these conditions. 

To Solve a Simple Equation with one Unknown 

Quantity^ 

97. RULE.— I- If the 'equation contains fractions, 
clear it of them by Art. 88. 



110 INTBOBUCTION TO ALQEBUA. 

2. Transpose cM the terms involving the wnknojjvn 
quantity to the first menvber, and the hnown terms 
to the second member hy Art. 90- 

3. Unite all the terms containing the unknown 
quantity into one hy addition, and put the second 
mernber into its simplest form, 

4. Divide both members hy the coefficient of the un- 
known quantity, 

Dem. — The first step, clearing of fractions, does not destroy the 
equation, since both members are multiplied by the same quantity 
(Axiom 2). 

The second step does not destroy the equation, since it is adding^ 
the same quantity to both members, or subtracting the same quan- 
tity from both members (Axiom 2). 

The tliird step does not destroy the equation, since it does not 
change the value of the members (Axiom 1). 

The fourth step does not destroy the equation, since it is divid- 
ing both members by the same quantity, and thus changes tho 
members alike (Axiom 2). 

Hence, after these several processes, we still have a true equa- 
tion. But now the first member is simply the unknown quantity, 
and the second member is all known. Thus we have wJust the un- 
known quantity is eqtuil to; i. e,, its valtte. 

1. Solve the equation -^ — I r ^ q^ — o — • 

Model Solittiok. 

Operation.*— (1) ^g— + — ^ "*" g ~ ""8"" ' 

(2) 20a;+20 + 24aj-32 + 5=30aj+35, 

(3) 20a5H-24aj-30aj=35-20+32-5, 

(4) 14z5=42, 

(5) aj=8. 

* This is a sample of what is to be written on the black-board* 
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Explanation.* — I first clear equation (1) of fractions by multi- 
plying both members by the L. C. M. of its denominators, which 
is 40. This does not destroy the equation (Axiom 2). I multiply 

^—- by 40 by dropping its denominator 2, thus getting x-^-l, as 

the result of multiplying by 2, and then multiply aj+l by 20^ 
getting 2(h;+20. [In like manner explain the entire process of 
clearing of fractions.] 

Having cleared the equation of fractions I have (2). I now 
transpose the terms containing x to the first member and the 
known terms to the second member. Thus, dropping 8(kB from 
the second member diminishes it by that amount, whence to pre- 
serve the equality of the members I subtract 8O9; from the first 
member, t. e., write it in that member with its sign changed. [In 
like manner explain the transposition of each term.] 

I know equation (3) to be true, since I have changed both mem- 
bers alike, that is, have added to and subtracted from both mem- 
bers the same quantities. I now add together the terms of the 
first member, which does not affect the value of the member ^ and 
have 14r. In the same manner uniting the terms of the second 
member does not alter its value ; hence 14r=42. Finally, I di- 
vide both members by 14 and have x-=Z, This operation does not 
destroy the equation, since both members of the equality 14];=:42 
are divided by the same number (Axiom 2). Hence 3 is the value 
of a;. 

Ex. 2 — 5. Solve the following equations : 

2. 1 + 1=13-?. a;=12. 
2 3 4 

„ tr— 5 ^ 284— a; 

3. -—r- +6a;= — = — . a;=9. 

4 5 

4. 1+23=^. x=l^. 

I . I ■-!■ _-■- 

* This is a sample of what is to be given by the pupil when he 
explains the work on the black-board. 
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^ 6a;- 10 18 -4a; 

5. — 5 — = — t; Vx. x=4:. 



Suggestion, — Let as pat 4 in the place of a; in the last equa^ 
tion, and Bee if it makes the members equal. Thus 

24-10 14 . . 18-4x 4 , . . 18-16 , 
is — ~ — ' ^^ -Q ' ^ga"i» 3 h 4 IS — h 4, or 41. 

Hence, 4, when put for x, makes the equation V^=45, which is 
evidently true. 

98. Putting one quantity in the place of another, 
as the 4 for the x in this suggestion, is called Sub- 
stituting. 

99. An equation is said to he Satisfied for a value of 
the unknown quantity which makes it a true equa- 
tion : i. e,, which makes its memhers equal. 

100. To Verify an equation is to substitute the sup- 
posed value of the unknown quantity, and see if it 
satisfies the equation. Verification is a kind of 
proof of the correctness of the result obtained in 
such examples as these. 

Ex. 6 — ^26. Solve the following equations, and yerify 
on the yalaes obtained : 

6. a; + 7+^+3=24. 

o 

7. 2a;+$+9=25. 

6 



8. 2a:+|-^^=7|. 
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X + l X + 4: X-j-4: ,Q j,^- 

9. — 16=—^ 5—. (See 89.) 



^^ 21-3a; 2(2a;+3) ^ 5a:+l 

10.—^ 9— = ^ — T"' 



11. x-^^=dx-H. 






a; a; 6(a; + 2) ^ 
^^- 2-3=— 8 ^• 

iA iP+l^a;+3 ir+4, _ 
14 -3- +-^=-^+16. 



_ 4(a;+2) 3a; + l ^ 
15.-3 2^=^- 



16. Solye 2a*x-'X=a^+a^ . ^=^1^- 

2a*— 1 

17. SolYe aH-hx=a^C'-cx^-a*. a;= ^'^^~^/^\ 

c+1 



18. Solve a5+ea= &(?+&». 

19. Solve ^ + -=rf. rg= ^ , , 

da; t^o; ^a 

bx^d 



20. Solve 3a;— a=a: 



3~" 
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21. Solve aa;—c=: . «= 






22. Solve ^+3a;=7a;-^ . 

o o 

Suggestion. — Observe that if each member is divided hjx, 
there will be no term containing an a;*. 

23. Solve -J r-= — jr — . ir=10^. 



24 Solve |a;8+la:=a;+— t^. 

25. Solve —4-5=—^+ — ——. 

Suggestion. — Observe that the terms containing x* destroy 
each other in the process. 

26. Solve -^ 'z=.abA . aj=i. 



ex 



h 



SECTION XVII. 

ATFLICATIOJfS, 

101. We saw in Section XIV. how practical problems 
are solved by means of the equation. Having, in Sec- 
tions XV. and XVI., attempted to gain a better acquaint- 
ance with this wonderful instrument — ^this patent for 
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solving problems — ^the equation^ we shall now resume the 
study of the solution of problems. 

102. The Algebraic Solution of a problem consists of 
two parts : 

1st, The Statement, which consists in expressing by 
one or more equations the conditions of the prob- 
lem. 

2d. The Solution of these equations so as to find the 
values of the unJcnoum quantities in Jcnovm ones. 
This process has been explained in the case of Simr- 
pie Equations, in the preceding Sections. 

103. The Statement of a problem requires some knowl- 
edge of the subject about which the question is asked. 
Often it requires a great deal of this kind of knowledge 
in order to '^ state a problem." This is not Algebra ; but 
it is knowledge which it is more or less important to have 
according to the nature of the subject 

104. Directions to guide the Student in the State^ 
ment of Problems. 

1st. Study the meaning of the problem, so that, if you had the 
answer given, you could prove it, noticing carefuUy just what oper- 
ations you would have to perform upon the answer in proving. 
This is called. Discovering the relatums between the quarvtUies in- 
volved. 

2d. Eepresent the unknown (required) quantities (the answer) by 
some one or more of the final letters of the alphabet, as x, y, z, 
or w, and the known quantities by the other letters, or, as given in 
the problem. 

8d. Lastly, by combining the quantities involved, both known and 
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unknown, according to tlie conditions given in the problem (as you 
would to prove it, if the answer were known) express these rela- 
lations in the form of an equation. 

1. Anna is three years younger than Eliza, and Eliza 
is seven years older than Lucy. The sum of their ages is 
seventeen. How old is each ? 

STATEBfENT. — ^Afl the inquiry is concerning the ages of Anna, 
Eliza, and Lucy, we may represent either's age by x. For exam- 
ple if Anna's age is x, since Eliza is 8 years older than Anna, Eliza's 
age will be 2+3 ; and as Eliza is 7 years older than Lucy, 2t;+3— 7 
is Lucy's age. Thus we have 

Anna's age = x, 
Eliza's age =2 + 8, 
and Lucy's age = a; -h 3 — 7. 

But the problem states that the sum of their ages is 17; hence 

a5-+-aj-|-3-+-a5 + 8 — 7 = 17, 
is the equation. 

SoLTJTiON. — ^With this the student is suflaciently familiar, x 
Anna's age, is found to be 6; re+S, Eliza's age, is 9 ; and fl;+3— 7, 
Lucy's age, is 2. 

2. If you give twenty-four cents more to James, he 
will have five times as many as he now has. How many 

has he ? 

3. What number must be added to itself and to seven 
more, that the sum may be three times that number ? 

An8.y 7. 

4. When George shall be thirty years older, his age 
will be four times as much as it is now. What is his 
age? 
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5. A man can shingle one-fourth of the roof of a 
house in one day, and a boy can shingle one-twelfth of 

it in a day. How many days will it take for both, work- 
ing together, to shingle the roof? 

Suggestion* — Let x represent the required number of days. 

X 

Then, as the man does i of it in one day, he does x times i or ^ , 
in X days. So the boy does ^ in the time. But aa they do once 

the work, 7 H- js =^* 

6. How many times the sum of one-third, one-seventh, 
and one-twenty-first, does it take to make a whole one ? 

Suggestion,— We have a?(i+|+-^)=l, which may be put 

XXX lliS 

into the form qH-s + st=^^J ®^» better, -^t-=1. 

7. One man can do one-third of a given piece of work 
in one day ; another can do one-eighth of the same work 
in a day ; and a boy can do one-twenty-fourth of it in 
the same time. How many days will it take the three, 
working together, to get it done ? 

8. A boy ate one-fourth of his plums, and gave away 
one-fifth of them. The difference between what he ate 
and what he gave away was three. How many had he ? 
and how many did he give away? A7is,y He had 60. 

9. If three -eighths of some number be taken from 
three-fourths of the same number, the remainder will be 
six. What is the number ? 

10. If from half of a man's money one-seventh of his 
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money be taken, the difference will be fifteen dollars. 
How many dollars has he ? 

11. The difference between three-fonrths and five-sixths 
of the same number is nine. What is the number? 

12. A man owned seven-tenths of a fiock of sheep. 
After selling two-fifths of the whole flock, he had thirty 
sheep still belonging to him. How many sheep were in 
the flock before the sale ? Ans,y 100. 

13. Divide seventeen into two such parts, that twice 
one part shall be eight less than five times the other. 
What are the numbers ? 

14. A farm containing twenty-six acres, belongs to two 
men. Three times A's part is six acres less than four 
times B's part. How many acres has each ? 

15. Divide twenty-five into two such parts, that three 
times one part shall be three more than five times the 
other. What are the parts ? An8.y 16 and 9. 

16. A boy, after spending a part of his money, found 
he had remaining three times as much as he had spent 
He had twelve cents at first How much did he spend? 

and how much was left ? 

17. A man had thirty-two sheep. After selling a part 
of his flock, he found the remainder was four less than 
twice the number he sold. How many did he sell ? and 
how many were left ? 

18. Divide twenty-eight into two such parts, that, if 
one-fourth of the greater be taken from the whole num- 
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ber^ the difference will be twice the less number. What 
will the parts be ? 

19. A cow and sheep cost thirty dollars. If the cost 
of the cow be taken from twice the cost of both^ the 
remainder wiU be seven times the cost of the sheep. 
What was the cost of each ? 

An8.y Cow $25^ Sheep $5. 

20. Divide thirty-two into two such parts, that if four- 
fifths of the greater be taken from twice the whole num- 
ber, the remainder will be four times the less number. 
What are the parts ? 

21. A man and boy received thirteen dollars for a week's 
labor. If two-thirds of what the man received be taken 
from twice the sum that both had, the difference will be 
five times the money which the boy received. How 
many dollars had each ? 

22. The garrison of a certain town consists of 125 men, 
partly cavalry and partly infantry. The monthly pay of 
a cavalry m^n is $20, and that of an infantry man is 
$15; and the whole garrison receives $2,050 a month. 
What is the number of cavalry, and what of in- 
fantry ? 

23. A gentleman is now 40 years old, and his son is 
9 years old. In how many years, if they both live, will 
the father be only twice as old as his son ? 

24. A farmer wishes to mix rye worth 72 cents a bushel, 
with oats worth 45 cents a bushel^ so that he may have 
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100 bushels worth 54 cents a busheL How many bushel 
of each sort must he take ? 

Ans^ 33^ of TjCy and 66} of oats. 

25. In a mixture of copper, tin, and lead ; 16 pounds 
less than \ was copper, 12 pounds less than ^ was tin, and 
4 pounds more than ^ was lead. What was the weight 
of the whole mixture ; and also of each kind ? 

Am,^ 2881b. ; and also 1281b., 841b., and 761b. 

26. Of a piece of metal, ^ plus 24 ounces is brass, and 
] minus 42 ounces is copper. What is the weight of the 
piece? 

27. Divide $183 between two men, so that 4^ of what 
the first receives, shall be equal to -^ of what the second 
xeceives. What will be the share of each ? 

Ans.y $63, and $120. 

28. A gentleman invested f of his property in a canal. 
When he sold out, he lost f of the sum invested, receiv- 
ing only $1,446. What was the value of his property 
when he began ? Ans,^ $11,568. 

29. A gentleman leaves $315 to be divided among four 
servants in the following manner: B is to receive as 
much as A, and \ as much more ; is to receive as 
much as A and B, and ^ as much more ; D is to receive 
as much as the other three, and } as much more. What 
is the share of each ? 

30. A man bought a horse and chaise for $341. If | 
of the price of the horse be subtracted from twice the 



PROBLEMS SOLVED WITH ONE UNKNOWN QXTANTITT, \21 

price of the chaise^ the remainder will be the same as if 
4 of the price of the chaise be subtracted from three 
times the price of the horse. What was the price of 
each ? * An8.j Chaise^ $189 ; horse, $152. 

31. Divide the number 204 into two such parts, that 
if f of the less be subtracted from the greater, the re- 
mainder will be equal to \ of the grei^ter subtracted from 
four times the less. 



105« The following examples are exactly like the preceding ex- 
cept that the known or given quantities are represented bj letters 
instead of fig^es. The corresponding example in the preceding 
set should be reviewed in connection with each of the following, 
and its answer deduced from the literal answer. 

1. Anna is a years younger than Eliza, and Eliza is 

h years older than Lucy. The sum of their ages is a. 

How old is each ? 

Suggestion^ — See Ex. 1 above. As in that, 

let (2;=:Anna's age. 
Then a;+a = Eliza's age, 
and x+a—h = Lucy's age. 
Then a?-|-a?+a+aJ-*-a— 6=c, is the equation. 

Solving, 3aj-l-2a— 6=c, or 3aj=c-l-&— 2a, 

and X = 5 , Anna's age. 

o 

Hence x-^-a-^ — h a = — = — , Eliza's ago. 

o o 

_ c+h-\-a - c+a— 26 _ 

and ajH-a— &= — ^ 6= ^ , Lucy's age. 

o o 

Applying these results to Ex. 1 of the preceding set, a s= 8,5 a= 7 

and s= 17. 

6 
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e+h^2a 17+7-2«3 . . , 

Hence 5 = 5 =6, Anna s age. 

o o 

e-^b+a 17+7+3 ^ _,. , 

— g — = g — =9, Eliaa'B age. 

, c+a-26 17+3-2*7 ^ - 
and g — = g =2, Lncy'a age. 

2. If yon give a cents more to J^mes, he will have h 
times as many as he now has. How many has he? 
Haying obtained the answer in the literal notation^ de- 
duce that of Ex. 2, in the preceding set, by substituting 
the values there giyen. . a 

o — 1 

3. What number must be added to itself and a more, 
that the sum may be h times that number ? Apply to 
Ex. 3 above. 

4. Make an example like Ex. 4 of the preceding set, 
using a instead of the 30, and h instead of thtt 4. Why 
is the answer to this just like the answer to Ex. 2 ? 

5. A man can shingle one ath of the roof of a house 
in one day, and a boy one ^thof it in a day. How many 
days will it take for both, working together, to shingle 
the roof? 

1 - flj (K 

Suggestion.-— OiiQ ath is expressed -. The equation is - + -r 
=1. The answer is — r . Apply to Ex. 6 of the preceding set. 

6. How many times one mth, one nth, and one rth, 

does it take to make a whole one ? 

mnr 



Ans.^ 



mr-^^ir+mn 
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7. Make and solve an example like Ex. 7 of the pre- 
ceding set, using m^ n, and r, for the numbers instead of 3, 
8, and 24. How is this example different from the pre- 
ceding? 

8. Make and solve an example like Ex. 8 of the pre- 
ceding, using a, b, and c^ instead of 4, 5, and 3. 

Ans.f He had 7 — . He gave away t — . 

9. If an — th part* of some number be taken from 

an ^th part of the same number, the remainder will be 

d. What is the number ? . Idn 

Ans.y 



an— 6771 

10. Make and solve an example like the 10th of the 
preceding set, using letters instead of figures. 

11. Make and solve literal examples like the 11th and 
12th of the preceding set Like which of the preced- 
ing are they ? Why are these two alike ? 

13.f Divide a into two such parts, that m times one 

part shall be w times the other. 

„ ^ am , ah 
PartSy , and 



m+n m+n 

14. Make and solve literal examples like the 14th and 
15th of the preceding set. Are these just alike ? 

* Read " an m divided by n th part." 

t These numbers are made to correspond with those of the pre« 
ceding set 
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Make other examples like those of the preceding set, 
the answers to which can he found by substituting in the 
answer to this. 

16. Make and solve literal examples like the 16th and 
17th of the preceding set, using in the 17th, b instead of 
32, a instead of 4, and n instead of 2. Are these exam- 
ples exactly aUke ? If a=0 how will they differ? 

10^ Solutiont with letters instead of figures are 
called General Solutiont, since they answer for all ea>- 
amples of the same hind. 

18. Make and solve general examples like those from 
the 18th to the 21st of the preceding, inclusive. In each 
case deduce from the literal, or general answer, the an- 
swer to the particular example. 

Make other particular examples, whose answers can be 
deduced from these general answers. 

22. The garrison of a certain town consists of s men, 

partly cavalry and partly infantry. The monthly pay of 

a cavalry man is $77i, and that of an infantry man is 

%n ; and the whole garrison receives %a a month. What 

is the number of cavalry, and what of infantry? 

. /^ T CL — ns . « , ms — a 

Ans.. Cavalrymen , mfantry — — . 

•^ m—n '^ m—n 

Qtiery. — If you add the two answers together what ought 
they to amount to ? Do they ? 

23. Make and solve general examples like the 23d and 
24th of the preceding set, deducing the answers of those 
from the answers to these. 
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25. In a mixture of copper, tin, and lead, a pounds 
less than — * was copper, I pounds less than — was tin, 

and c pounds more than - was lead. What was the weight 

of the whole mixture ; and also of each kind ? 

An8.f Of the whole ^^ — , 

nr + mn + mr —mnr 

J, nr{a-\-h—c) 
of copper ; — ^— ; a. 

nr + mn+mr—mnr 

and of lead ^^ c. 

nr+mn+mr—mnr 

1 

26. Of a piece of metal, — part plus a ounces is brass, 

and — part minus b ounces is copper. What is the weight 
of the piece. . mn{b—a) 

fn 

27. Divide %a between two men, so that an — part of 

what the first receives shall be equal to an - part of what 

the second receives. What will be the share of each ? 

. anr . ams 

Ans,, — - — , and 



ms -{-nr tns + nr 



28. Generalize the 28th to the 31st of the preceding 

set, inclusive, and deduce from the general answers the 
answers to the particular examples. 



* Read '* one mih. 



♦» 
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SECTION XVIII. 

OEOMETRICAL, OB COMMOJf, RATIO. 

107. If we wish to compare 12 and 4 we can ask, 
" 12 is how much greater than 4 ? '^ or, " 12 is how many 
times as great as 4 ? ** 

The former inquiry is answered by giving the differ- 
ence between 12 and 4, and the latter, by telling the quo- 
tient of 12, divided by 4. 

Comparing two numbers by telling how mucli the for- 
mer is greater than the latter, is sometimes called giving 
their Arithmetical RatiOj but more generally this method 
of comparison is spoken of simply as the difference. 

Comparing two numbers by telling how many times as 
great the former is, as the latter, is called giving their 
Geometrical Ratio, or simply their Ratio. 

The word ratio means relation^ so that when we ask 
« What is the ratio of 12 to 4 ? " we ask, « What is the 
relation of 12 to 4 ? " As this is usually understood, we 
answer it by saying that 12 is three times as great as 4, 
or that the ratio of 12 to 4 is 3. 

1. What is the ratio of 8 to 2 ? Of 10 to 5 ? Of 30 
to 6? Of 128 to 4? 

2. What is the ratio of mn to m? Of 3m* r tow? 
Of 4m2a;« to 2mx ? Of Ihax^ to 3x» ? 

Answer to last, bax, 

3. What is the ratio of 2 to 3 ? Ans., f. 



GEOMETRICAL RATIO. 127 

4. What is the ratio of 6 to 7 ? Of 3 to 6? Of 11 
to 16 ? Of 117 to 13 ? Of 15 to 6 ? Of 24 to 66 ? 

Answer to last, -^. 

5. What is the ratio of a to & ? , a 

An8.f -T. 



6. What is the ratio of 3w to 2w ? Of a; to y ? Of 
llmato5cy? Ofa-Stoc? Of a«— 5« to a-d? 

Answer to last, a + b. 

7. What is the ratio of 3(a+J)» to 2(a+&)? To 
3(m+n)? 

8. What is the ratio of 16(a« +2a*+ J«) to 3(a+ J) ? 

Ans.y 6 (a 4- J). 

108. Ratio i^ the relative magnitude of one quan- 
tity as compared with another of the same hind, 
and is expressed by the quotient arising from divid- 
ing the first by the second. The first quantity named 
is called the Antecedent, and the second the Consequent. 
TaTcen together they are called the Terms of the ratio, 
or a Couplet 

109. The Sign of ratio is the colon, ' , the common 
sign of division, •*■> or the fractional form of indi- 
cating division. 

III. — The ratio of 8 to 4 is expressed 8:4, 8-*-4, or j , any one 

of which may be read " 8 is to 4," or. " ratio of 8 to 4." The ante- 
cedent is 8, and the comeqnent 4. The sign : is an exact eqoiva- 

lent for -i-. The ratio of a to & is expressed a : 5, a-i-&, or =- , each 

form meaning exactly the same thing. 
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9. Express the ratio of Zmtobn in the three differ- 
ent forms ? 

10. Express the ratio of a^t to a+i in the throe dif- 
ferent forms ? 

11. Express the ratio of which 2» is the consequent, 
and bm the antecedent Also of which 7 is the anteced- 
ent, and ^x the consequent. 



110. What effect upon the quotient is produced by mul- 
tiplying the diyidend ? 

By multiplying the divisor ? 
By dividing the dividend? 
Dividing the divisor ? 

By multiplying or dividing both dividend and divisor' 
by the same number ? 

111. Ask and answer the corresponding questions with 
regard to a fraction. 

112. In a ratio what corresponds to dividend or nume- 
rator ? 

What to the divisor or denominator? 

118« A patio being merely a fraction, or an unexe- 
cuted "problem in Dii/ision, of which the antecedent 
is the numerator, or dividend, and the consequent 
the denominator, or divisor, any changesmade upon 
the terms of a ratio produce the same effect upon its 
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value, as the like changes do upon the value of a 
fraction, when made upon its corresponding terms. 
The principal of these are, 

1st. If both terms are multiplied, or both divided, 
by the saw^e number, the value of the ratio is not 
changed. 

2d. A ratio is multiplied by multiplying the anteced* 
ent (i. e., thenumerator or dividend), or by dividing 
the consequent (i. e., the denominator, or divisor). 

3d. A ratio is divided by dividing the antecedent 
(i. e., the numerator, or dividend), or by multiply ^ 
ing the consequent (i, e., the denominator, or din- 
visor). 

1. Multiply a : bhj m in two ways. 

Results, am : I. and a : — . 

m 

2. Multiply a + S : a* — J' by a -f 5 in two ways. 
Also hj a—b. 

3. Divide 3m'y : hnx by m in two ways. 

4. Divide {a-^-by : {a— by by a—b in two ways. 

6. Eeduce Ihm *y : 26my* to its lowest terms. 

Result, dm : 6y. 

6. Eeduce 12m^ : 4my to its lowest terms. 



7. If 8 is the antecedent and 2 the ratio^ what is the 

consequent ? 

6* 
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Haying given the antecedent and the ratio, how do 
you find the consequent ? 

What question in diyision is the same as this ? 
8. If 6 is the consequent and the ratio is 5^ what is 
the antecedent? 

Having given the consequent and the ratio, how do you 
find the antecedent ? 

What question in division is the same as this? 

9. What is the product of the consequent and ratio ? 
If - =c, what is a equal to? 

10. Given r the ratio and a the antecedent, what is the 
consequent ? 

11. Given r the ratio and I the consequent, what is the 
antecedent? 



12. Which is the greater xV or -j^y ? 
How much ? 

How do you compare two fractions to ascertain which 
is the greater ? 

13. Which is the greater ratio 7 : 11, or 8 : 13 ? 

Is there any difference between this question and the 
preceding ? 

14. Reduce the ratios 2 : 3, and 5 : 7 to ratios having a 
common consequent. 
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Beduce f and \ to fractions having a common denom* 
inator. 

15. Which is the greater 11 : 14, or 119 : 148 ? 



16. What is the ratio of | to }? Of | to 4? Of 
Tto — ? Of—^r — to -^— ^? 

17. Let X be any quantity ; what is the ratio of 3x to 
4a;? Of 14a; to 7a;? 

18. Let y be any quantity; what is the ratio of 5y to 
6y? Of7yto8y? 

19. Let X be any number; what is the ratio of nix to 
nx ? Of ax to Ja; ? 

20. In Sx : 6x does the value you assign to x affect the 
ratio? 

If a;=l, what is the ratio ? 

If a;=5 what is the ratio? Then may 3a; :5a; be 
considered as representing any two numbers having the 
ratio 3:5? 

21. Bepresent any two numbers having the ratio 5 : 7. 
Having the ratio 9 : 11. 

Having the ratio m to n. 
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SECTION XIX. 

J£R0FOnTIOJf. 

lli» Proportion is an equality of ratios, the terms 
of the ratios being expressed. The equality is indi • 
cated by the ordinary sign of equality, =, or by the 
douMe colon - - . 

Tliufi, 8 : 4=6 : 3, or 8 : 4 : : 6 : 3, or 8-^4=6-^-3, or 
J- = ^ ; all mean precisely the same thing. A propor- 
tion is nsoally read thns: ^as 8 is to 4 so is 6 to 3." 

Note. — ^The pupil Bbould practice writing a proportion in the 

form V = -; , stiU reading it^aisto^as^isto d." One form 
a ' 

should be as familiar as the other. He must accustom himself to 
the thought that a :b ::cid means j- = -^ &nd nothing mare. It 
will be seen that the language "8isto4a86isto 8/' means 

Q O 

simply that t = » > ^or it is an abbreviated form for saying that 

" the relation whidi 8 bears to 4 is the same as (is equal to) that 
which 6 bears to 2 ; " that is, 8 is as many times 4 as 6 is times 3, 

8 6 
^'4=3- 

116. The Extremes (outside terms) of a proportion 
are the first and fourth terms. The Means (middle 
term^s) are the second and third term^s. Thus, in 
a : b=c : d, a and d are the extremes, and b and c are 
the means. 

1. Is 3 : 7 : : 6 : 11 a true proportion ? Why ? 
Is the fraction f equal to 3^^? 
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Which is the greater ? How much ? 

2. Is f : 4 : : 1^ : 15 a true proportion ? Why ? 
What is the ratio of | to 4 ? 

3. lAaih \: ax\lx2k true proportion ? Why ? 

4. Is f : 1^ : : 3| : 9 a true proportion ? Why ? 

5. Is f : 1| : : 34^ : 9f a true proportion ? Why ? 



Transfortnatians* 



116. As a proportion is only an equation under a par- 
ticular form, the same axioms (S7) apply to its 
transformations as to the transformations of an 
equation. 

Thus a :&::(?: <Z is the same as - = - . Hence the ratios cor- 

a 

respond to the members of the equation, and 

1st. Any operation may he performed on either or both ratios 
which does not change the value of the ratio ; 

2d. Any operation may be performed on eitJier or both ratios 
which changes both ratios alike, 

1. Can you multiply both antecedents by the same 
number without destroying the proportion ? Why ? 

Try it by multiplying the antecedents of 

12 : 6 : : 10 : 5, 

by 3 ; thus 36 : 6 : : 30 : 5. 

Are both of these proportions true ? 

2. It a : b :: c : d, is ma :h::mc: d? Why ? 
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3. Can you multiply both terms of the same ratio by 
the same number without destroying the proportion ? 
Why? 

Try it by multiplying both terms of the first ratio in 

3: 15:: 7: 35, by 6. 

4. I{ m : n:: X : ffy ia am : an :: X : y ? Why ? 
Have you performed an operation which does not 

change the value of the ratio, or one which changes both 
ratios alike ? 

5. If m : n :: X ly, ia — : n :: - : y? Why ? 
Ism: an:: x: ay? Why ? 

X 1/ — 

Is m : w : : - : ^ ? Why ? 
a a "^ 

la m:n:: ax: by? Why ? 

Is am :n::x:ay? Why ? 

6. Try the questions in the preceding on the propor- 
tion 3 : 5 : : 21 : 35, letting a=4 and J =6. 

Suggestiim^ — To ascertain whether two ratios are eqaal, re- 
duce them to ratios having a common consequent and compare 
their antecedents. (See Exs. 13-16, pages ISO, 131.) 



117. There is a very simple method by which we can 
discover all the transformations which can be made in a 
proportion without destroying it. Thus, if we know that 

(1.) a:b:: c :d 

is a true proportion^ the ratio of a to J is the same as the 

a c 

ratio of c to d. Now let t = ^» then ^ = r ; whence a= &r, 

o a 
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and c=zdr. Substituting these values of a and Cy the 
proportion becomes 

(2.) br : b :: dr : d. 

Now, as (1) may represent any proportion, (2) also 
represents any proportion, and whatever transformations 
can be made on (2) without destroying the proportion 
can be performed on any proportion. 

1. Is the product of the extremes of a proportion 
equal to the product of the means ? 

How do you see it from (2) ? 

2. Is the ratio of the antecedents of a proportion equal 
to the ratio of the consequents ? i. e., is br: dr ::b i d 
a true proportion ? 

118. A proportion is taken by Alternation when the 
means are made to change places, or the extremes. 

Thus a \ b : \ c : d becomes by alternation either 
a : c ',', b I dy or d \ b :: c \ a. The appositeness of the 
term alternation (taking every other one) is seen from 
the fact that the new order is obtained by taking the 
terms alternately ; that is, 1st and 3d, 2d and 4th ; or 
4th and 2d, 3d and Isi 

3. li a I b '.: c \ dy \B d \ b II c : a 9, true proportion ? 

Sfuggestion. — If a : 5 : : c : <2, we have 6r : 6 : : dr : (f , as above. 
Then we are to ascertain whether dih :idr '.hr. What is the 
value of the first ratio ? Of the second ? 

4. liaib ::c: dy does it follow that a\ d::b \ c^ 

Suggestion.— 1b hridiihidn' necessarily true ? What is the 
value of the first ratio ? Of the second ? 
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5. lia\hi:c:dy\Bd\c::h:aJ 

Note. — All these inquijieB are to be answered by examining 
the proportion in the form hr :h iid/r id, 

6. K a : 5 : : c : d, is 5 : a : : d : c a true proportion ? 

119, A proportion is taJcen ^^ Inversion when tJie terms 
of each ratio are written in inverse order. 

Thus, it a:b :: c: dfhj inversion we have b : a :: d : c. 
It is to be observed that in inversion the means are 
made extremes, and the extremes means. 

7. Is 11 : 13 : : 44 : 52 a true proportion ? 
Is it true if taken by inversion ? 

8. Write a: b ::c: d first by inversion, and this re- 
sult by alternation. 

Is the last form a true proportion if the first is ? 

9. If you invert one of the ratios of a proportion, and 
do not the other, does it destroy the proportion ; u e., 
is b :br :: dr : d necessarily a true proportion ? 



10. I{a:b:: c: d, does a+b : a:: c+d : c follow ? 

Suggestion^ — As above, r being the common ratio, the pro- 
portion a lb :: c : d can be written br :b :: dr : d. Whence we 
have br+b :br :: dr+d : dr. What is the value of the first ratio? 
Of the second ? Are they equal ? 

120. A proportion is taJcen hy Composition when the 
sum of the terms of each ratio is compared with 
either term of that ratio, the same order being ob- 
served in both ratios ; or when the sum of the ante- 
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cedents and the sum of the consequents are corrv- 
pared with either antecedent and its consequent. 

Thus, ii a I J) \i ci dy by composition we have a-^h: 
a : : c + d : c, or a-hb :b:: c+d : d, or a+c : b + d ::a:b, 
or a+c : b-hd :: c : d. 

11. If a :b :: c: dy does a+c: b+d:: a: J follow? 
Does a-hcib + d:: c: d? 

Does a-hd : b + c,:: aid? 

121 . If the difference instead of the sum be taken in the 
last definition, the proportion is taken by Division. 

12. Jfaibiicid, does a—c :a:: b^d : b follow ? 
Does a—b :a:: c—d : c? 

Does a—b ib\i c—d : d? 

Does a-\-b : a—b :: c-\-di c—d? 

Suggestion^ — To examine the last form we pnt the proportion 
a\b',ic\din. the usual form Jyr \h :: dr id, and then examine 

6r+6 : hr—h : : dr+d : dr—d. 

Now the first ratio is :i ^ , or — z ; and the second is 3 ^ , 

br—d r— 1 , dr—d 

T + 1 

or ——z . Hence, the ratios being equal, the proportion is true. 



13. If the first term of a proportion is unknown, and 
the other three known, how do you find the first ? u e., 
solve X :m :: a : n for x, 

14. If the second term of a proportion is unknown, 
and the other three known, how do you find the second ? 
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15. If the 4th tenn of a proportion is unknowny and 
the other three knowu> how do yon find the fourth F 

16. liaixiixih^ what is the yalne of 2;? 

8uggeMon*—Biniob the piodact of tlie extremes equals the 
product of the means a;'=a&. Then extracting the square root of 

each member (Axiom 2, 87) we have x=. Va&. 

122. A Mean Proportional between two guanMties is a 
quantity to which either of the other two hears the 
same ratio that the mean does to the other of the two. 

ThnSy if 2; is a mean proportional between a and hj 
a bears the same ratio to x that x does to ^; i. e.^ 

Cu m X m m X » 0* 

128« A Third Proportional to two quantities is such a 
quantity that the first is to the second as the second 
is to this third (proportional). 

Thus, in the last proportion, J is a third proportional 
to a and x. So, also, a? is a third proportional to l and x. 

Note. — The pupil should notice carefully the language nsed in 
the last two definitions.^ We do not say ** a mean proportional to" 
but " a mean proportional between" two others. So, again, we 
say " a third proportional to two others." Moreover, it is necessary 
that the two others be taken in the order named in the statement. 
Thus, if ^ is a third proportional to m and n,m:n'.\niy. But, 
if ^ is a third proportional to n and m, nim:im\y. Notice 
carefully the difference between the two statements. 

17. Find a mean proportional between 4 and 9 ; L e,, 
solve the proportion 4 : a; : : a? : 9, 

18. Find a mean proportional between a—h and a+S. 

19. Find a third proportional to 4 and 6. To 6 and 4. 
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Suggestion^ — In one case we are to solye 4 : 6 : : 6 : (b, and in 

tlie other 6 : 4 : : 4 : a;. 

20. Find a Fourth Proportional to 6, 7, and 6, in 
order, i. e,, solve the proportion 5 : 7 : : 6 : aj. 

21. Find a fourth proportional to 6, 6, and 7, in order. 
Find a fourth proportional to 7, 6, and 5, in order. 
Having given three numbers, how many different 

fourth proportionals can be obtained ? 

124. A Fourth Proportional to three numbers is the 
fourth term of a proportion of which the three are 
the 1st, 2d, and 3d, in the order in which the num- 
hers are named. 

Thus a fourth proportional to a, S, and c, would be x 
in the proportion axlwcxx. To J,c, and a it would be 
xinb : c:: a :Xy etc. 



SECTION XX. 

PROBLEMS IJfrOLVIJfO RATIO AJ^D PRO-- 

PORTIOJf. 

1. Divide 36 into two parts which shall be to each 
other as 7 to 5. 

Suggestiofim — Let 7x and 5x be the parts. (See Ex. 17-21, 
Sec. xviii.) 

2. Divide a into two parts which shall be to each 

other as m to ^ PartSy — ; — , — : — . 

m ■\'n m + n 
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3. John and Oeorge had together 80 cents. George 
gave John 20 cents of his part, when they found their 
portions in the ratio of 2 to 3. How many cents had 
each at first ? 

Ans.j John, 28 ; George, 52. 

Suggestian^—TYie proportion is a?— 20 : 100— « :: 2 : 3, or by 
composition «— 20 : 80 : : 2 : 5. Whence 6aj— 100=160. 

4 John and George had together a cents, George 

gave John h cents of his part, when they found their 

portions in the ratio of m to n. How many cents had 

each at first? 

. ^ am + bm + in ^ , an—bm—bn 
Ans., George, ; John, • 

5. Divide 30 into 3 parts, which shall be in the ratio 
of the numbers 2, 3, and 5. 

6. Divide m into 3 parts, which shall be in the ratio 
of the numbers a, b, and c. 

„ ^ am bm ^ cm 

Farts, — T — 9 — TT — 9 ^^^ 



a-hb-\-c' a-hb + c* a-hb + c' 

(T. Pour towns are situated in the order of the letters 
A, B, C, D. The distance from A to D is 120 miles ; 
the distance from A to B is to the distance from B to C 
as 3 to 5 ; and one-third of the distance from A to B, 
added to the distance from B to C, is three times the 
distance from to D ? How far are the towns apart ? 

Ans.f A to B, 36 miles ; B to C, 60 miles ; to D 
24 miles. 

8. Four places are situated in the order of the 4 
letters. A, B, C, and D ; the distance from A to D is 34 
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miles ; the distance from A to B is to the distance from 
C to D^ as 2 to 3 ; and ^ the distance from A to B^ added 
to ^ the distance from G to D^ is 3 times the distance 
from B to 0. Eequired the respective distances. 
Distances^ A to B, 12 ; B to C, 4 ; and C to D, 18 miles. 

9. Divide the number 60 into two such parts that 
the greater increased by 5, may be to the less diminished 
by 5, as 7 to 3. 

10. A footman started from a certain place, and trav- 
eled 4 miles an hour. After he had been gone 3 hours, 
a horseman started in pursuit, riding 7 miles an hour. 
How long before the horseman would overtake the foot- 
man ? How far from the starting-place would the foot- 
man be overtaken ? 

Suggestion. — How many miles would the horseman gain on 
the footman each hour ? How many miles had he to gain before 
overtaking him. The proportion is 

8 : 12 : : 1 : 0?, 
X being the time required to overtake the footman. 

11. The hour and minute hands of a clock are exactly 
together at 12 M. When are they next together ? 



Suggestion. — ^Measuring the dis- 
tance around the dial \>y the hour 
spaces, the whole distance around is 
12 spaces. Now, when the hour hand 
gets to 1, the minute hand has gone 
clear around, or over 12 spaces. But 
as the hour hand has gone one space, 
the minute hand has gained only 11 
spaces. Now as the minute hand 
must gcUn an entire round, or 12 
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Spaces, to overtake the hoar hand, we have the qaestion : If the 
minute hand gains 11 spaces in 1 honr, how long will it take to 
gain 12 spaces? .*. 11 : 12 : : 1 hour : z hours ; and a;=l-^ hours, 
or 1 hour 5 A minutes. 



12. At what time between 3 and 4 o'clock does the 
minute hand pass the hour hand? 

Suggeatian, — Reckoning from 12 o'clock, when the hands are 
together, how many spaces must the minute hand gain in order to 
pass the hour hand between 3 and 4 o'clock ? How many does it 
gain in an hour ? It passes at 3 o'clock If^ minutes. 

13. A's age is to B's as 4 to 3^ and if twice B's age 
be added to A's, the sum will be 100 years. Eequired the 
age of each. 

14. A ship and a boat are descending a riyer at the 
same time ; and when the ship is opposite a certain fort, 
the boat is 13 miles ahead. The ship is sailing at the 
rate of 5 miles, while the boat is going 3. At what dis- 
tance below the fort will they be together ? 

Ans.y 32^ miles. 

15. A certain man found when he married, that his age 
was to that of his wife as 7 to 5. If they had been mar- 
ried 8 years sooner, his age would have been to hers as 3 
to 2. What were their ages at the time of their mar- 
riage? 

Ans.y His age, 56 years; hers, 40. 

16. A field of 864 acres is to be divided among three 
farmers, A, B, and C ; so that A^s part shall be to B^s aa 
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« - I ifc»^— — 

6 to II9 and may receive as much as A and B to- 
gether. How much must each receive ? 

Ans., A, 135 ; B, 297 ; 0, 432 acres. 



SECTION XXI. 

SIMPLE EQUATIOJ^fS WITH TWO UJfKJfOWJT 

QUAJfTITIES. 

125. It frequently happens that a problem requires us 
to find several quantities^ so that there is more than one 
unknown quantity. In such cases it is sometimes best 
to use two or more letters, each representing one of the 
quantities sought. Let us study such an example. 

1. John and George's ages together amount to 29 
year^ and 3 times George's plus 5 times John's age is 113 
years. What is the age of each ? 

Solution. — We might solve thifl by letting a; repretsent George's 
age, and 29— a; John's, as we have done several in the preceding 
section. Bat we wish to do it in another way, in order to learn 
how to proceed with two unJsnoton qiuintUies, We therefore let 

X represent George's age, 
and y Represent John's age. 

Now the snm of their ages is 29 ; hence 

« + y = 29. 1st equation. 

Again the example says that 3 times George's age, i. e, Zz, pint 
5 times John's, ». e. 5y, is 118 ; 

hence 3a? + 5y = 113. 2d equation. 

This is the tUxtermnt, 
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In order to Bolye the equations let na find the yalne at yin each. 

Thus from the let, y = 29 — s. 

_. ^, ^- 113 — 3* 

From the 2d, y = = . 

o 

Now as y means the same thing in both equations, 29 — x is 
equal to — - — , for each is the value of y, Henoe we have 

113-3* ^ 
— ^ — =29— X. 
o 

This being an equation having only one unknown quantity, we 
can find the value of x in known quantities. Solving, we have 

113-8a?=145-5a?, 
5a?-3a;=146-113, 
2a>=32, 
x—\^, George's age. 

Finally substituting this value of a; for a; in the equation y=29— « 
we have y = 29 — 16, 

y = 18, John's age. 

126. We notice that there were two unknown quanti- 
ties involyed in this problem^ and that there were two 
statements, each of which gave rise to an equation. But 
the equations were not the same, although x represented 
the same thing in each, and also y. 

127. Independent Equations are such as express dif^Brent 
conditions, and neither can be reduced to the other. 

128. Simultaneous Equations are those which express 
different conditions of the same problem, and con- 
sequently the letters representing the unknown 
quantities signify the same things in each. The 
equations of such a group are all satisfied by the 
same values of the unknown quantities. 

Queries. — ^Are the two equations which we used in the preoed- 
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ing example independent f Why ? Can you transform a;-f-y =29 
intoae+5y=113? 

Are these two equations simultaneous ? Why ? 

If we took the equation 3« -+-5^=113 and then made an equation 
8y— 2a;=8, from Ex. 15, in the preceding section, in which x repre- 
■ents the wife's age and y the husband's, would these two equa- 
tions be independent? Why? Would they be simultaneous? 
Why? 

Area?H-y— 29, and 2aj-f-2y=58, independent? Why? Can you 
make either form the other ? How ? 

Note. — We can readily tell whether two equations are independ- 
ent, but we can not tell whether they are simultaneous unless we 
know what each one means. Thus, were I to give you the two 
equations aj-hy =29, and 3y— 2ar=8, you could not tell whether they 
were simultaneous or not, unless I told you what x and y meant 
in each. You could treat any two equations with two unknown 
quantities as simultaneous, if you chose, and find values for x and 
y which would satisfy them both. But if one of the equations had 
reference to one problem, and the other to a different problem, 
the values of x and^ thus obtained would not refer to either prob- 
lem. 



129, We notice farther that in solving the last exam- 
ple we combined the two equations having two unknown 
quantities, so as to make one equation having but one 
unknown quantity. 

130. Elimination is the process of producing from a 
given set of simultaneous equations containing two 
or more unknown quantities, a new set of equations 
in which one, at least, of the unhnown quantities 
dhall not appear. The quantity thus disappearing 
is said to be eliminated. 
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(The word literally means putting out of doors. We 
use it as meaning causing to disappear,) 

131. There are Three Methods of Elimination in most 
common use, viz,, hy Comparison, hy Substitution, and hy 
Addition or Subtraction. 

Note. — ^Any one of these methods will solve all problems ; "but 
some problems are more readily worked by one method than by 
another, while it is often convenient to use several of the methods 
iji the same problem, especially when there are more than two un- 
known quantities. The method given above was comparison. 



EUtninatian hy Camparisoti. 

If we examine the solution of the last example we 
shall see that it suggests the following 

132. RULE.— 1st. Find expressions for the value of 
the same unhnown quantity from, each equation, in 
terms of the other unknown quantity and known 

quantities. 
2d. Place these two values equbol to each other, and 

the result will he the equation sought. 

Dem.— The first operations being performed according to the 
rules for simple equations with one unknown quantity, need no 
further demonstration. 

2d. Having found expressions for the value of the mme un- 
known quantity in both equations, since the equations are simul- 
taneous this unknown quantity means the same thing in the two 
equations, and hence the two expressions for its value are equal. 

Note.— The resulting equation can be solved by the rules 
already given. 
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1. Giyen dz + 2y=26, 

and 6a;— 3^=38, 

to find the values of x and y, eliminating by comparison. 

Suggesiian^—FTom the let, y = 



and from the 2d, y = 



2 ' 

5aj— 88 



2 

Hence, since y means the same thing in both equations, i, e., 
since the equations are simultaneous, 

26— 3a; _ Sa?— 88 

Then, 26-8a? = ete-88, 

8aj = 64, 

a?= 8. 

Substituting in y = — ^ — , 

y = 26-24 _ 
2 ■"^• 

Note. — In the following we shall assume that the equations are 
simultaneous. 

2. Given \ ^ . ~~ .^ }• to find v and a;. 

( y+4a;= 48 J ^ 

y=24, a;=6. 

3. Given •} , « ^^^ >• to find a; and y, 

\ 4a:+3y=22 J ^ 

a;=4, y=2. 

4. Given i ^ « .^ I to find a; and y. 

|6a;— 2y=10J ^ 

a;=4, y=5. 

133* Note. — In such examples the values of the unknown 
quantities as found must scUUfy both equations. Thus, iu the last 
example, substituting in the first equation, we have 4 • 4 + 6 • 5=46, 
which is true. Also in the second, 5 • 4—2 • 5=10, a true equation. 
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But we can readilj find numbers which will satisfy one equa- 
tion and not the other. Thus aj=10 andy=l satisfy the 1st of 
these equations, but not the second. So x=%, y=10, satisfies the 
eecond but not the first. The true values must satisfy both equiaiions. 

Solve aud verify the following : 
6. 3a;=ll + 2y, 7y—2x=21. 

6. 6y=128— 6a^ 3a;=88—4y. 

7. 2my=z , wa?— y=3ar+a^ 



8^ — n 
SuggesHanm—^Tom the first, y= -^ — ; from the second, 

y = {m — S)x — a. Hence, -5- — = {i» — 8>b — a. Solving this, 

2a*m-~n 
x= 



2am*—Qam—S' 

To obtain the value of y it is sometimes better to return to the 
original equations, and eliminate x as y was eliminated. Thus, 

from the first, x= ? — : from the second, x= — — jr . Hence, 

2«my+n y-\-a « t . o^t.. 3<n-37i— mTi 

— 8— = iS=8- Solving thui.y= g^,_^ -^. 

8. a;+y=a, and x^y=b. 

9. =— — = ' — ; — , and (ix+2by=c. 
h+y 3a+z^ ^ 

""^ 3i 'y= 3b • 



JE2ifninaiion by SubsHtutian, 

|+7y=99, and | 
values of x and y by Bubstitufcion. 



1. Given y+7y=99, and |+7a;=51 to find the 
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Solution. — From the 1st equation we find aj=693— 49y. Hence, 
as X means the same thing in the two equations, ». e., the equa- 
tions are simultaneous, we can substitute this value of a; in the 
second equation ; whence we have 

|+7(693-49y)=51. 

Solving this, ^=14 Substituting this value of y f or y in 
07=693—49^, we have a;=7. 
This solution suggests the following 

184. RULE.— Ist. Find from one of the equations the 
value of the unknown quantity to he eliminated, in 
terms of the other unknown quantity and known 
quantities. 

2d, Substitute this value for the same unknown 
quantity in.the other equation* 

Bem. — The first process consists in the solution of a simple 
equation, and is demonstrated in the same way. 

The second process is self-evident, since, the equations being 
simultaneous, the letters mean the same thing in both, and it does 
not destroy the equality of the members to replace any quantity 
by its. equal. 

Solve the following by substitution, and verify the re- 
sults obtained. 

1. 7a;+3y=29, and bx+%y=z%0. 

2. 4a;— 7y=34, and 8a;=102— 3y. 

3. 12a:+3^=5y+36, and ^ - ??^ =4y^ ?^+15 
-36. 

Suggestion^ — First reduce the equations to simple forms by 
clearing of fractions and uniting term?. They become 6^=^ + 18, 
and 2a^ "14a;=:230. 
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, X+l 1 , X 

4. = ^ » and 



, a;— 31 6 
6. a;4-y=60, and ^j— = -. 

6. 2aa;=a;— 3Jy+m, and aa:+}y=^. 

_3c— m __a(m— 2c)+c 

7. - + *^ =2, and bx—ay^O. x=a, y=b. 

8. 22;-h ^^ =21, and 4y+ ?^ =29. 

^ 1— 3aj 3y— I „ - 3a;4-V 

9. — g— + -^ =2, and -^ +y=9. 



£2i9ninafiaf» &|/ Addition or Stibtraction. 

1. Given ^ -10 + « = 10 + — +£, and :^ + f - 1 

Solution. — Reducing the equations to the simplest form, we 

have 

(1) 6y-f-8aj=93, 

and (2) 3y-f-4aj=80. 

To eliminate y, first multiply both members of the first equa- 
tion by 3, and of the second, by 5. There results, 

(3) 15y-f- 9aj=279, 

(4) 15y+20aj=400. 

Now y has the same co-efiicient in both equations. Hence, if 
we subtract 15y-+-9a; from 15y-+-20a?, we have 11« left in the 1st 
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member of (4). But we must subtract just as much from the 2d 
member, or else we shall not have a true equation. Hence, as 
279 is just the same as 16y H-9a;, we will subtract it from 400 ; 
. whence 121 is the second member, and we have 

lla;=121 ; or aj=ll. 

This operation will be seen more clearly if we write (8) under 
(4), and then subtract member from member, thus, 

(4) 15y+20a;=400, 
(3) 15y+ 9^=279, 

11^=121, whence aj=ll. 

To find the value of y, we may eliminate x by subtraction. To 
do this, multiply the members of (1) by 4, and of (2) by 3, whence, 

2Qy-+-12a;=372, 
9yH-12a;=240. 

Subtract and lly=132, whence y=12. 

Having found the value of x, we could have substituted in (1), 
or in (2), as we have done before. 

2. Given 2a;+3y=7, and 82;— 10y=6, to eliminate y 
by addition. 

Suggestion* — ^Multiplying both members of the 1st by 10, 
and of the 2d by 3, we have 

20aj+3Qy=70, 
and 24c— 3Qy=18. 

Now, adding the corresponding members, we have 

44c=88, whence aj=2. 

This value of x may be substituted in either of the equations, 
and the value of y determined. But we will eliminate x in the 
same manner as we did y. Thus, multiplying the members of 
the 1st equation by 4, we have 

8aj+12y=28, 
The 2d equation is 8a;— l()y= 6. 

Subtracting, 22y=22, whence y=l. 
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Queries^ — What did we subtract from the firet member of 
8ar-f-12y=28 ? What from the second? From which member did 
we subtract the most ? If two things are equal, and we take the 
Bame amount from each, how will the remainders compare ? 

Prom these two solutions the following rule for elim- 
{nation by addition or subtraction will be naturally sug- 
gested. 

135. RULE.— Ist Reduce the equatiofis to the forms 
ax+by=m, and cx+dy=n. 

2d. If the co-efficients of the quantity to he elimi' 
nated are not alike in both egioations, TnaJcethem so 
by finding their L. C. M., and then multiplying 
each equation by thisL. C. M. exclusive of the factor 
which the term to be eliminated already contains. 

3d. If the signs of the terms containing the quan- 
tity to be eliminated are aliJce in both equations, 
subtract one equation from the other, member by 
member. If these signs are unlike, add the equor- 
tions. 

Dem. — The first operations are performed according to the rules 
already given for clearing of fractions, transposition, and uniting 
terms, and hence do not vitiate the equations. The object of this 
reduction is to make the two subsequent steps practicable. 

The second step does not vitiate the equations, since in the case 
of either equation, both its members are multiplied by the same 
number. 

The 8d step eliminates the unknown quantity, since, as the 
terms containing the quantity to be eliminated have the same 
numerical value, if they have \Si» same sign, hy 8ybtr<ict%ng the 
equations one will destroy the other, and if they have different 
eigns, by adding the equations they will destroy each other. The 
result is a true equation, since, if equals (the two members of one 
equation) are adied to equals (the two members of the other equa- 
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tion), the sums are equal. Thus we have a new equation with 
but one unknown quantity. 

3. Given 2a; + 82= 38, and 6a; + 5^=82 to find x and «, 
eliminating by addition or sabtraction. 

Suggestion, — The co-efficient of x in the first equation can he 
made equal to that in the second by multipljing bj 3, hence we 
will eliminate x. It would take more work to eliminate z. Why ? 

&»+&= 82, 

42= 82. 
f= 8. 

It is customary when we use addition or subtraction to eliminate 
one of two unknown quantities, to find the other by substitution. 
Thus substituting 8 for 9, in 2«-h3«=88, we find «=?. 

In solving the following, eliminate by addition or sub- 
traction first, and having found the value of one unknown 
quantity, find the other by substituting in the simplest 
of the given equations. 

4. a;+2y=17, and 3a;— y=2. a;=3, y=r7. 
6. ^ +2y=29, and 3a;=12|- ^. Verify. 

6. la;— Jy=2, and ia5 4-iy=7. Verify. 

^ 2a; 5 — V ^1 2a;— 1 -, , - o 

7. y ^ = j^ J—, anda; + l :y::5 :3. 

a;=:4, y=3. 

9. a;+y : 4a;+y :: 4 : 7, and -^ - y + ~ ^ = 3 

A . a;=3, t/=9. 

7* 
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rs a b , c d 

9. - + - =nu and - + - =n. 
X y X y 

Suffffestion* — It is not always best to reduce the equations to 
the simplest form. In this example, if we multiply the members 
of the 1st by e, and of the 2d by a, we can eliminate x by subtrac- 
tion. Thus, 

ae be 

— I- — =cm, 

X y 

ac ad 

— I =a». 

X y 

Subtracting, =cm^an. 

Taking the reciprocals of each member (why does this give a 
true equation?), 

y 1 he— ad 

, ., = , or y= . 

o^—aa cm— an * cm— an 

Finding the value of a; in a similar manner, we have 

ad hd . 

— + — z=dm, 
X y 

he hd ^ 

— + — =6n. 
a? y 

ad— he . . 
z=.am — on, 

X 

X 1 



Whence, x = 



ad— he dm—hn ' 
ad— he 



dm—hn' 



10. - = 1, and = — 27 • 

X y ' X y 2 



Solve the following by such of the above methods as 
are most convenient : 

11. 7a; + 3y=29, and5a;+2y=20. 
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12. 2a;=3y, andSrc— y=72. 

2a:— 1 

13. y= — 5 — , and 5^= 4a;— 4. a;=3i, y=2. 

o 



14. - + - =m, and =w. 

X y X y 



a;= 



2 2 

, «/= 



a;=21, y=20. 



SECTION XXII. 

PROBLEMS GiriJ^a RISE TO TWO EQUA- 

TlOJfS EACH. 

1. A can perform a piece of work in 20 days, B and 
C can together do it in 12 days. Now, if they all work 
for 6 days, C can finish it in 3 days. In what time 
would B or have done it alone ? 

Suggestion. — Let x days be the time C would require to do it 
alone, and y days the time B would require. Then C does 

- in a day, and B - . In 12 days, therefore, C and B would do 

3/ y 

1 =1, the whole work. 

X y 

A ft A 
In. 6 days, all working together do jr^r + - + — . To this add 
» A\) X y 

what C would do in 3 days, viz., - , and the whole would be done. 

•' X 

-Y 6 6 6 3^ 

Hence, — -i 1 1- - =1. 

^ X y X 
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Reducing the List equation, the two become, 

— + -- =1. 
X y 

9 6 7 
»nd i'^~ ~io* 'nierefore,a:=15,y=6a 

To solve these, see Ex. 9, page 154. ' 

2. It ifl required to find a fraction sneh, that if 3 be 
sabtracted from the numerator and denominator, it is 
changed into \, and if 5 be added to the numerator and 
denominator, it becomes ^. What is the fraction ? 

3. A can do a piece of work in 20 days, and B and 
can together perform it in 12 days. Now, if all three 
work for 6 days, C can finish it in 3 days. It what time 
would B or C have performed it ? 

A7i8.y B 60 days, C 15 days. 

4. Charles bought five peaches and two pears for 
seventeen cents, and found that two pears cost four cents 
less than two peaches. What did one of each cost ? 

5. A farmer bought three sheep and a cow for twenty- 
six dollars. At the same rate, a cow would cost four 
dollars less than twelve sheep. What did he pay for the 
cow, and whiat for a sheep ? 

6. A man bought a cow and ten sheep for forty dollars. 
He then sold, at the same rate, seven sheep and a cow 
for thirty-four dollars. What was the price of one of 
each ? 

* - - ' 

7. If three times Anna's age be added to three times 
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Mary's age, the sum will be thirty -three years ; and three 
times Mary's age is thirty-seven years less than seven 
times Anna's. What are their respective ages ? 

8. A certain number, consisting of two places of fig- 
ures, is equal to seven times the sum of its digits, and if 
18 be subtracted from it, the digits will be inverted. 
What is the number? 

Suggestion* — Let x represent the ten» figure, and y the uniU, 
Then ICXc+y represents the number. The equations are lOaj+y 
=7(»-h^), and 10a;-+-y— 18=lQy + aJ. The number is 43. 

9. A certain number consists of two digits, and is 
equal to the difference of the squares of its digits. If 36 
be added to it, the sum will be expressed by the same 
digits in an inverted order. What is the number ? 

Ans,y 48. 

10. There are two numbers in the ratio of 5 : 4, but 
if each be increased by 20, the results are as 9 : 8. What 
are the numbers ? Ans,, 25 and 20. 

11. What fraction is that to the numerator of which 
if 1 be added, the fraction will equal ^, but if 4 be added 
to the denominator, the fraction becomes J ? 

Suggestion* — Let x be the numerator and y the denominator, 

X flj-f-l 1 
so that the fraction is - . The equations are = ^r , and 

J = - . The fraction is 7^7 . 

y-+-4 4 24 

12. What fraction is that which becomes ^ when 1 is 
added to both numerator and denominator, and 5 when 
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the numerator is multiplied by 25, and the denominator 
diminished by 1 ? 

13. Bought linen at 60 cts. per yard, and muslin at 
15 cts. per yard, amounting in all to $11.40. I after- 
wards sold \ of the linen and J of the muslin for $3. 89, 
haying made 29 cents on this part. How many yards 
of each did I purchase ? 

Ans.f 15 linen, 16 muslin. 

QuerieSm — If there were x yde. of Unen, and y of muslin, what 
was the cost ? What was the cost of what he sold, in terms of x 
and^? 

14. Purchased 25 lbs. of sugar, and 36 of coffee, for 
$8.04, but the price of each having fallen 1 cent per 
pound, I afterwards bought 2 lbs. more of the first, and 
3 lbs. more of the second, for the same money. What 
was the price of each ? 

15. Two men in partnership divide their gain, so that 
the sum of twice A's share, added to B's share, makes 
twenty-seven dollars ; and if three times B's money be 
taken from four times A's, nineteen dollars will be left 
How many dollars will each have ? 

16. A man said, that if one-half the price of his saddle 
were taken from one-fifth of the price of his horse, the 
difference would be fifteen dollars ; but one-tenth of the 
price of his horse and one-tenth of the price of his saddle 
together would be eleven dollars. What was the price 
of each ? 

17. The sum of two- thirds of the greater of two num- 
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bers added to the less is twelve ? but the sum of one- 
fourth of both is only four. What are the numbers ? 

18. A man said that the sum of four-fifths of the 
value of his horse, added to two-thirds of the value of his 
cart, was forty-two dollars, and that the difference be-' 
tween one-third of the value of his cart and three-fifths 
of the value of his horse, was nineteen dollars. What 
was the value of each ? 

19. Four pounds of coffee and three pounds of tea cost 
$498 ; but when coffee fell 16f ^, and tea rose 20^, six 
pounds of coffee and three pounds of tea cost $6.00. 
What was the price before the rise ? 

An8,y Coffee, 12 cts.; tea, $1.50. 

•20. A man bought coffee at 12 cents, and tea at 75 
cents a pound, and paid for the whole $249 ; the next 
day he disposed of \ of his coffee and f of his tea for 
$180, which was $10.80 more than it cost him. IIow 
many pounds of each article did he buy, and how much 
of each did he sell ? 



-^ 



SECTION XXIII. 

SIMPLE EQUATIONS WITH THREE UJ^- 
KJ^OWJ^ QUAJ^TITIES. 

^ ^ . , « « «« r to find the values of x, y, 
1. Given i x+2y-hdz=23 } ^ '^ 

o ^ «o I ai^d z. 
a; + 3y + 4«=28 ; 
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Solution. — Sabtracting the members of the 1st from those of 
the 2d, 

In like manner, from 2d and 3d, ^ + e=5. We now have 

y+2«=8, 
and y+ e=5, 

two equations with two unknown quantities. Solving these as 
already learned, we find e=3, and y=2. These values substituted 
in anj one of the given equations, give a;=10. 

From this example we readily infer the following rule 
for elimination, when there are three equations with 
three unknown quantities : 

186. W}V£.— Combine one of the equations with each 
of the other two, so as to eliminate the same un^ 
known quantity from each. There will thus result 

m 

two equations with two unknown quantities. 

These can be solved by the methods of the preceding 
sections. 



f7x-{-5y-{-2z=79 ) , ^ ^ ,, 
o . w . ft I Oft f to find the values of 

Ans., x=4:, y=9, and z=B. 



3. Given •< 



4a;— 3y + 22;=10 ) , ^ , ,, , ^ 

^ . ^ „ ^ f to find the values or 

6x-{-6y^8z=—l > 

\ x» 1/9 and z. 

Ans.^ x=3, y=4, and z=5. 



( 5x-{-dy-{-2z=29 



4 a,v I « J^ - w to find the value of x, v, 

*• iiiveu 4 2x-{-6y—z =14 > , ^ 

( 3a:— 2v4-42?=20 ) 
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' ^ + y 



5. Given -< 



3 



'{•2z=21 






to find the values of 
X, y, and z. 



Ans.y x=24:, y=9, and z=5. 



6. Given -« 



3 2^ 4 
-a;+gy --32; = -13 



to find the value 
of Xy y, and z. 



,3a: — 2y + 2; =2 

^W5., a;=6, y=12, and z=%. 



JPrdbiems. 

1. James, Henry, and George, have each a certain 
number of cents. 

If James gives Henry 5 and George 3, he will then 
Jiave f as many as both of them; but if George had 20 
more than he has, he would have half as many as the 
other two. George's money, plus J of Henry's, equals 
James's. How much has each ? 

Ans,y James, 60 ; Henry, 40; George, 30. 

2. What number is that expressed by three /digits, 
to which if you add 297 the order of the digits will be re- 
versed; the number expressed by the last two of which 
is twice that expressed by the first two, less 3 ; and 3 
times the difference between the extreme digits is 1 more 
than twice the mean. What is the number ? 
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Suggestion. — ^Letting x represent the handredB digit, y the 
tens, and z the units, the number is represented bj lOOsB+lOt^+e. 
The equations are 

100aj+lQy+e+297=10a8+10!y+as. 
10y+«=2(10aj+y)-3. 
and 8(e~2;)=2;y + 1. The number is 245. 

3. A merchant bought at one tune 4 barrels of flour, 
3 barrels of rice, and 2 boxes of sugar for $72; at another, 
2 barrels of flour, 5 barrels of rice, and 3 boxes of sugar 
for $84 ; and at a third time, 5 barrels of flour, 9 barrels 
of rice, and 8 boxes of sugar for $187. What were the 
flour and rice per barrel, and what was the sugar per 
box? 

4. Three boys, A, B, and C, counting their money, it 
was found that twice A's added to B's and C's, would 
make $5.25; that if A's and twice B's were added, and 
from the sum C's were subtracted, the result would be 
$3.00 ; and the three together had $3.25. How much, 
money had each ? 

5. Three men owed together a debt of $1000, but 
neither of them had sufficient money to pay the whole 
alone. The first could pay the whole, if the second and 
third would give him ^ of what they had ; the second 
could pay it, if the first and third would give him ^ of 
what they had ; and the third could pay it if the first 
and second would give him -f^ of what they had. How 
much money had each ? 
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SECTION XXIV. 

MEAJ^IJ^Q OF FBACTIOJfAL AJfD JfEOATIVE 

EXPOJfEJ^TS. 

In Sectiok II. we learned that a figure written at the 
right and a little above a letter or figure, is one form of 
what is called an Exponent, and it was there promised 
that we should learn more upon this matter. We will 
first attend to some definitions which, though they have 
been learned in arithmetic, need to be made very fa- 
miliar. 

137. A Power of a numher is the product which 
arises from Trvultiplying the number hy itself, i, e., 
taking it a certain numher of times as a factor. 

Illustration. 8 is a power of 2 because it is the product aris- 
ing from multiplying 2 by itself. So also 16, 32, 64, 128, etc., are 
powers of 2. Again, a*, a', a*, a*, etc., are powers of a, since they 
are products arising from multiplying a by itself. Is 27 a power 
of 3 ? Why? How many times is 3 taken as a factor in 27 ? Is 
x^ a power of aj ? Why ? How many times is x taken as a factor 
in aj* ? Is 12 a power of 2 ? Of 3 ? Why not ? Is a5 a power of 
a, or of & ? Can you make ab by taking either a or & only^ as a 
factor ? 



138. A Root of a numher is one of several equal fae^ 
tors into which the numher is to he resolved. 

Illustration. 2 is a root of 8? Why ? Is 3 a root of 27? 
Of81? Of7? Ofl2? Isaarootof a«? Of a» ? Ofa«? Why? 
Ifl a a root of 06? Ofcaj? Why not? 
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189. The Square or Second Root Tneans one of the two 
equal factors of a number, and is indicated by the 
radical sign, V , or by the fractional exponent i. 

The Cube or Third Root means one of the three equal 
factors of a number, and is indicated by the radical 
sign with 3 in the opening thus ^^ » or by the fraA>- 
tional exponent i. 

Fourth, Fifth, and higher roots have sim^ilar meanr 
ings and are indicated in a simAlar manner, 

1. Eead Vi*. 
What does it mean ? 
What is its value ? 

2. Read 4^. (This is read « 4, exponent f") 
What does it mean ? 

What is its value ? Is Vl = 4* ? 

3. Read Vwt. 
What does it mean ? 

Can you tell its value ? Why not ? (Because we do 
not know what m represents. As m may mean qLuything^ 

"s/m may mean one of the two equal factors of any num* 
ber whatever.) 

4. Eead V^« 
What does it mean ? 

Can you tell its value exactly? 



• It is presumed that the pupil is famiUar with this from arith- 
metic He is expected to read " the square root of 4." 
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Is Vo more than 2 ? 
Is it less than 3 ? Why? 

5. Eead ^8. 
What does it mean ? 
What is its value ? 

6. Eead 8*. 

What does it mean ? 

Is v^= 8^? 

7. Read \^x. 

What does it mean ? 

1 
Is \^ = a;"*? 

We will now give the full definition of an exponent, 
which should be very carefully studied, together with all 
that follows in this section. This is usually one of tlie 
most perplexing subjects, but we may hope by careful 
attention to strip it of its terrors. 

140. An Exponent is a small figure, letter or other 
symhol of numher, written at the right and a little 
above another figure, letter or symhol of number. 

Point out the exponents in the expressions a2, &t, c~^ , x», 

y , €r , «""•. What is the exponent of e in the last expression ? 

Is it m ? OP n ? or — ? or — ^ ? Be very careful and notice that 
the exponent maj- be a fraction, and may have a — sign. 



f 
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141. There areJhrt^ kinds of Exponents, viz., positive 
integral, positive fractional, and negative.* 

142. A Positive Integral Exponent signifies that the nuwr- 
her affected by it is to he taken as a factor as many 
times as there are units in the exponent. It is a hind 
of symbol of multiplication. 

How TO Read. — We have already learned aboat Positive InU- 
gral Exponents (8), and have now only to refresh our memory. 
2* is read " 2, second power," or *' 2 square ; " so a* is read " a, 
second power," or " a square ; " 5' is read " 5, third power," or 
"5 cube ;" so a;* is read "x, third power," or '*x cube ;" m* ia 
read " m, fourth power," etc 

ijT m w a» tnte^rer a?* may be read " sr, with i)ower ; " Boifn isan 

integer^ y* may be read " y, nth power." But, if we do not know 
that the letter used represents a positive integer, it is absurd to 
read it so. Tou will see how this is in (143). 

If m represents a positive integer, a?» means xxx . . . etc., to m 
factors, just as «* means xx, etc., to 5 factors, i, e., xxxxx. Of 
course we cannot write out aU the factors of xm , for we do not know 
how many m indicates. 

1. How IB y^ read ? 
What does it mean ? 

Write it in another form {yyyyy)> 

2. What does x*' mean ? 

Write it in another form. Eead it. 

3. Read {a-iy. 



* It is not necessary to specify positive integral, negative inte- 
gral, positive fractional, and negative fractional, as will appear 
from the treatment. 



FRACTIONAL AND NEGATIVE EXPONENTS. I67 



What does it mean ? 

Write it in another form : (a— ^)(a— J)(a— ^). 

4. How many times is rr+y a factor in (ic+y)* ? 
Write it in another form. 

5. If m is an integer, what does a* mean ? 
How is it read ? 

Write it in another form. 

6. If n is an integer, what does {a-\-xY mean ? 
How many times is a + a; a factor in (a + o;)* ? 



143. A Positive Fractional Exponent indicates a power 
of a root, or a root of a power. The denominator 
specifies the root, and the numerator the power of 
the number to which the exponent is attached. 

How TO Read. — Such an expression as 8^ is read "8, exponent 
|." So ^ is read "ju, exponent %** TMs means x with an expo- 

nent f , the words '* with an " being left out for brevity, y * is read 
"y, exponent.^." Thus any form of exponent can be read.* 

Meaxino op Fractional Exponents. — According to the defini. 

a. 
tion 8* means the second patoer, of the third root of 8. Now the 

third root of 8 is 2, and the second power of 2 is 4. Hence 8^ is 
the same as 4, i. e., 8*=4. 

* The teacher needs to understand and fully explain, if there 
should be occasion, that such a reading as "8, two-thirds power," 
is absurd. There is no such thing as a two-thirds power. The 
definition of a power excludes it. Moreover^ such a reading leads 
the pupil astray. 
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m 

Again, o^ means that one of the n equal factors of a; is to be 

taken m times as a factor, just as (16)^ signifies that one of the 4 
equal factors of 16 (t. e., 2) is to be taken 3 times as a factor 
(t. «., 2»2.2, or 8). Now as we do not know what number is repre- 
sented by Zt or what by m, or n, we cannot say any thing more defi- 

nitely about x^ than has been said ; but we can tell that (16)i=8. 

1. Read 4* 

What does it mean ? 

Into how many factors is 4 to be resolved ? 

How many are to be taken ? 

What is the value of 4* ? 
What is the value of (Vi)' ? 
OfVP"? Are all alike? 

2. Read (125)* Read ^(las)*'. Read {^m^. Is 
there any difference in value ? 

3. Read 7*' 

What does it mean ? 

Can you tell its value exactly ? Why not ? 
Can you find a number which, taken 3 times as a factor, 
makes just 7? 

Is 7^ more, or less, than 4? 

How do you know ? 

Is it more, or less, than 1 ? Why? 

a 

4. Read y*. What does it mean? Write it in two 
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other fonns. (See Exs. 1 and 2.) Can you tell the exact 
value of y*. 

6. Read' a*, a*, x*. 
Write these in other forms. 
Tell what they mean, 

[Note. — A fraction used as an exponent Juu not the iome ngnifl- 
eanee as a common fraction. Thus i, as a common fraction, indi- 
cates the aum of 2 of the 3 equal parts of a quantity ; but f used 
as an exponent indicates the product of 2 of the 3 equal factors of 
a quantity. In all explanations this is to be kept clearly in view.] 



144. A Negative Exponent, i, e., one with tfie-si£n be- 
fore it, either integral or fractionaZ, signifies the 
reciprocal of what the expression would be if the 
exponent were positive, i. e., had the + sign, or no 
si^n at all before it. 



2. 

How TO Read. — The expression a is read " a, exponent— |." 
X is read '* x, exponent — m" etc. 

MEANmo OF Nbgativb Exponents. — According to the defini. 
tion, 2~* is the reciprocal of 2', ». a., 2"' = 55 , or i. So »"*= — ; 

y—^ = -T* o' -7= J '»— ^ = -T» etc. 

1. What is the value of 8"* 
Of (125)"*? Of4'~^? Of 3"*? 
Of (32)"* ? Of (16)"* ? Of 2"' ? 
Of 8"*? Of (27)"*? ofrv? 

8 
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2. What does a?"* mean ? How read ? 

3. What does 5"^ mean ? How read ? 



How Negattve Exponents arise from, Division. 

1. Whatisa»-T-a? a»H-a«? 

2. How do you divide a quantity affected by an expo- 
nent by the same quantity affected with another expo- 
nent? 

3. Whatisa;»-5-a?»? 

Solution. — By the rule for division aj'-*-aj'=aj'-"=ar-*. But 

x^ 1 

aj*-f-aj* may be written — which is -7. Hence we see that aj-*= 



«•• 



4. Solve as above a*-^a®, and thus show that a'^ 

5. Solve yrry^ so as to show that y~*=— . 

if 

6. Whatisa»-7-a»? 

Solution. — ^By the rule for division a'-!-a'=:a'-'=a°. But 
a'-t-a' may be written -j which equals 1. Hence we see that 

145. Any Quantity with an Exponent is 1. 

7. Show as above, from x^-i-x^, that x^=l. 
Also from i^-r-S", that b^=l. 

Also from y-r-y, that y^=l. 
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JBimv Fractional JElxpanents arise from Factoring, 

1. What is one of the two equal factors of a* ? of a* ? 
of a«? 

146. Thus toe see that we can express one of the ttoo 
equal factors of any number by dividing its exponent by 2. 

2. What is one of the two equal factors of a ? 

Solution. — Since a is a^, and since we can express one of its 2 

J. 
equal factors by dividing its exponent by 2, we have a' as one of 

tlie two equal factors of a, i. e., Va=ar, 

3. Show and explain as above, that 0^ and v ^ are 
the same. 

4. Show and explain that Va3=a* 

Solution. — By tbe definition of a square root we know tbat 4/^ 

means one of tbe two equal factors of a^. But by tlie rules foi 
division we know that a quantity can be resolved into two equal 
factors by dividing its exponent by 2. Hence one of the two equal 

factors of a' is or, i. 0., ya^=a , 

5. Show and explain as above that ^^=x\ 



section XXV . 

SIMILAR RADICALS. 

147. A Radical Number is an indicated root of a numr- 
her. If the root can he extracted exactly, the qv/trv 
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tity hecomes Rational ; if the root cannot be extracted 
exactly, the expression is called Irrational, or Surd. 

Is Vi a radical ? Is it rational, or irrational ? 
Is ^29a^ a radical ? Is it rational, or surd ? 
Is VE a radical ? Is it rational, or irrational ? 
Is Vl8a a radical ? Is it rational, or surd? 
Is Va^—b rational, or irrational? 
Is Va*+2ad+6* rational, or irrational? 

148. Similar Radioals are like roots of like quantities. 

Thus 8V^, 5771^2^, and {a—b)V2a, are all similar radicals, for 

it is the square root of 2a which is involved in each. But SVSay 

and 4mV5a are not similar, nor are 5Va and 5^ a. In order to 
be similar the radical factor mutt be exa>cUy the earns in each. 



149. It is frequently the case that dissimilar raci^ 
icals can he reduced to similar ones. This is done 
upon the following 

PRIIfTCIPLES. 

1st. The product of the same root of two or more quan- 
titles, equals the like root of their product. 

2d. The quotient of the same root of two quantities 
equals the like root of their quotient. 

Illustration.— The first principal asserts that Vi X V9 = 

VM, as Vi X ^^9 is the product of the square roots of 4 and 9, 

and VSQ is the square root of the product of these numbers. But 
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Vi^ V% =2X3=6, and ^36=6. Therefore V4x 1^= 4^36. 
Is the sum of the square roots of two numbers equal to the square 

root of their mm f i, e,, is Vi+ ^9= V4+9 ? 



4/9 
The second principle asserts that — - ^ A / 1: * That this is 



j/i 



true we have learned in arithmetic, since we there learn that to 
extract the square root of a fraction we had but to extract the 
square root of the numerator and denominator separately. Is 

VS- ^25= y49-25 ? 

A study of the following examples will make these 
principles olear. 

1. Extract the square root of 36, by resolving it into 
its prime factors.* 

Solution. 86=4x9=2-2x3.3=2-3x2.3=6x6. Hence 6 is 
one of the two equal factors of 36, and is therefore its square 
root. 

2. Extmct the square root of 225, by factoring, first 
into two factors which are square numbers. 

3. Extract the cube root of 216, by factoring, 

SoLTjnoN. 216=27x8=3.3.3x2-2 2=2.3x2.3x2-8=6x6x6. 
Hence 6 is the cube root of 216 as it is one of the three equal 
factors of 216. 

4. Extract the cube root of 3375, by observing that 
3375=27x125. 

160. From these examples we see that a root may 
be extracted by extraeting the root of the factors of 
the quantity and talcing the product of these roots. 



* This process should have been taught in arithmetic. If it has 
not it should be made familiar here. 
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This is the same as Principle 1. But we will give a 
formal demonstration of this principle, as it is a very 
important one. 

Dbm.— That is ^XX y^= V^* '^'^ ^ evident £rom the 

fact that !!yxy signifies that o;^ is to be resolved into m equal factors. 
If now each factor, as x and y, be separately resolved into m equal 
factors and then the product of one factor from each betaken, there 

will be m such equal factors in xy. Thus H^x is one of the m equal 

factors of x, and J^y is one of the m equal factors of y. Hence 

[V^ X -v^] X [v^X ^y ] X [^xX ^/y] etc, tow factors 
of ^y^ X ^y, makes up xy. Therefore y/x X ^\/y = *^/xy, 

25 

5. Extract the square root of zr-a • 

How do you do it ? 

6. Extract the cube root of "^^^ 



Is 



_ 27 • 

V^l25 , 3/125 



i=f 



v'w y ^7? 



A formal demonstration of the 2d Principle is as fol- 
lows: 

Bem. — Let m be an integer and x and y any numbers ; we are to 

prove that "yr* . "yr or X_ = j / - . Now, that ^^ — j / — 

J^yx 
Is evident, since -i — raised to the mth power, that is 

a/x X \/xX \/x X \/x - - - to w factors x , 
^ __ — 2i__ — r___ — z — _ . whence it appears 

yV X y^y X H^y X ^/y - - - to w factors V 

■•/— 

A/a? iB 

that - _^ is the wth root of - ; or equals 



y^y 



r 






• 
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151. The Degree of a radical is determined by the 
number of factors into which the quantity is con- 
ceived to be resolved. 

Thus Vci is of the 2d degree, so also is a* ; ^^, or «*, is of the 
8d degree, etc. 



To Meduce JHssimilar ICadictUs of the same Deffree 
to Similar JRadieaHSf when it can he done. 



1. Eednce •\/l28 and V72 to similar radicals. 



Solution.— Since Vl28= V4x337 or Vl6x8, or 4^64x3, we 
can put it equal to VT V^, V16 VS, or VEi V2, and these are 
respectively 24^,4^8, andS V2I In like manner i^ra= ^9x8, 
or V36X2, which are Vd Vs, and Vm V5, or 3^8 and eV2 re- 
spectively. Now we see that if we put Vl^ = V64X2 =84^, 
and V^= V36X2=6V2", we have the radicals similar. 

From this process we infer the following 

152. RULE,— Observe all the factors of the quantities 
under the radical signs which are perfect powers of 
the degree of the radicals. If then the quantities 
under the radicals can be factored so that each shall 
have a common factor, and a factor which is a per- 
fect power of the same degree as the radical, extract 
the root of the latter factor, and remove it from 
under the sign in each case, leaving the common 
factor under each ra^dical sign. The radicals will 
then be similar. 

2. Eeduce VI8 and v/8 to similar radicals. 
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3. Bednce >^27a*a; and "^^a^x to similar radicals. 
Buggestian. 27a«2=9a« X&v, and 8a^a;=a« X&B. 

4. Bednce 'i/lOSo^' and ViSax^ to similar radicals. 

5. Bednce Vl2, 2a/27, and 3^75 to similar radicals. 
Buggestiann 2 V27=2 V9x3=2 V'O ^^=2-3 VI =6 i^3. 

TTtf observe that if the radical has a co-efficienty the root 
of the factor removed from under the radical must lemuU 
tiplied into this co-efficient. 



6. Bednce ^V^t^^x^ and 3 a/IoSo^ to similar radi- 
cals. 

7. Bednce 2Vl75w'a?*y and 8A/252m'^y* to similar 
radicals. 



SECTION XXVI. 

ADDITION AJfD SUBTRACTION^ OF RADI- 
CALS. 

1. Three times V^a^and 5 times \/2a;niake ho w many 
times ^/2x. 

2. Seven times VEo^minns 3 times VKawQ how many 
times Vba^ 

3. 4V7"+ 2-\/7"— SVT are how many times Vt"? 
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4 2i/l2y -f- 3 V48y are how much ? 

Solution. — The radicals are dissiinilar, and we cannot say that 
2 times ^\2y and 3 times V^^ make 5 times either, or anything. 
But let as see if the radicals (»tnnot be mlide similar. 2V12y 
=4 V3y; and 3^^=121^. Now 4^^+121^=16 VSy. 

From these examples tire readily infer the following 

168. RULE-— i/* the radicals are simMar, add or stub- 
tra^ct their co-efficients and to the result annex the 
eanvmorlf radical. If the radicals are dissimilar, 
reduce them to similar radicals, if possible, and 
proceed as before. If they cannot be made simMar, 
they can only be connected with their proper signs 
like other dissim^ilar terms. 

Dem. — ^When the radicals are similar the radical factor is a com- 
mon quantity and the co-efficients show how many times it is taken. 
Hence the sum, or difference, of the oo^ffidents, as the case may 
be, indicates how many times the common quantity is to be taken 
to produce the required result. 

If the radicals are not similar, the reductions do not alter their 
values ; hence the sum or difference of the reduced radicals^ when 
they can be made similar, is the sum or difference of the radicals. 

5. Add 3a/45 and Ti/m 

6. From 8VI25 take 2-\/80- 

7. Add 6^/27 and 9 Vi92. 

8. From 9VT92 take 7\/75. 

9. Add W^a^x and 3V262a»ir. /Srm, 22a\/7aa;. 



10. From 5V863a«f/« take 3i/243a»y«. 

8* 
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11. Add aV^b and cV^b. Sum, {a-\-c)V2b. 

12. From 2€Vxi/ take dbVxy. 

13. Add 10aV28a*x and 5bV6db*x. 

Sum, 5(4««+35«)V^ 

14. Prom 3V75w»y» take 2V27m»y». 

15. Add Vl3a:» and V^. 

SuggesUan^—AM these radicals cannot be made similar they 
can be added only by connecting them with their proper signs. 

16. From VlOxjf take 2^6^. 



SECTION XXVII. 

MULTIPLICATIOJf AJfB BlVISIOJf OF RADI- 
CALS. 

Multiplication of radicals is effected by means of the 
Ist Principle of (119) and the following 

PEmCIPLE. 

151, The numerator and denominator of a fractional 
exponent may be multiplied by the same number without 
affecting the value of the expression, 

Illustbation. — ^Thus (64)'=(64)«» ; for (64)* means the product 
of 2 of the three equal factors of 64, or 4*4. No;^ if each of the 
8 equal factors of 64 is resolved into two equal factors, the whole 
will be resolved into six equal factori. But the 2 of the 3 equal 
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factors indicated by (64)' will make 4 of the 6 equal factors pro- 
duced when we resolve each of the 3 factors into 2 factors. Hence 
2 of the 3 equal factors of 64 equals 4 of the equal factors, or 

(64)*=(64)* 

1. Show that (81)*=(81)*r 

2. Show that (64)*= (64)* 

Suggestion^ (64)* = 8X8X8. Now resolving each of these 
factors into 3 equal factors, we have 

(64)^=2.2.2X2.2.2X2.2.2, or (64)? 

since 8 of the 6 equal fEictors of any number make 1 of the two 
equal factors. 

The following is a general demonstration of this im- 
portant principle : 

Dem. — In order tiO demonstrate this generally, we have to show 



ma 



that x^=Qf^. Now JB* signifies the product of a of the 6 equal 
factors into which x is conceived, to be resolved. If we now re- 
solve each of these & equal factors into m equal factors, a of them 
will include ma of the mb equal factors into which x is conceived 
to be resolved. Hence ma of the mb equal factors of x equals a of 
the h equal factors. 

[The student should notice the analogy between this explana- 
tion and that usually given in Arithmetic for reducing fractions to 
equivalent ones having a common denominator. It is not (denti- 
col. See Note after Ex. 5, page 169.] 



1. Multiply a^ by a*. 



SoLTJTiON. €?=a^ since the product of 8 of the 12 equal fac- 
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ton of a number is equal to the piodact of 2 of the 3 equal factors 
of tke same number, for a number can be reaolved into 12 factors 
bj resolving it first into 3 and then each of these into 4. 

In like manner a^r=a^ >. [Oive the explanation as above.] 

We now have a*Xa*=a*Xa*=^.(/a»X^V^v B^* ^7 t^® 

8+9 

1st Principle (149) ^^« X *^'= ^^a* Xa« = ^^/a^^ = a"^ 

155» From this analysis we can infer the two follow- 
ing truths : 

1^^. That a quantity affected with a fractional exponent 
may he multiplied by the same quantity affected with a 
fractional exponent by additig the exponents^ the same as 
when the exponents are integral, (See 27.) 

2d. That radicals of different degrees can be multi- 
plied by first reducing thetn to a common degree and then 
placing the common radical sign over the product of the 
quantities under it in both the factors. 

2. Multiply a' by J^. 

Suggestian.^Bj (164) a*=a^, and 6^=&^ ', Hence a*x6* = 

a^Xl-''^=^V^'x^V^=^V^^^^. [The student should give 
a complete analysis of every step.] 

3. Multiply 5Va by Q^. 

Suggestion.^rhe factors to be multiplied together are 
5, Va, 6, and ^a. As the order of multiplication is immaterial 
(28), we may write ^V^ x 6 X^=5.6i^X^5=30Vi^5= 
80a a =S0J, the last operation bemg performed by 155 (1st). 
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4. Multiply 3^15 by V6. 

Suggestion.— By (149, Ist) SVlSx 4^=3 4^15x"6 = 8^90, 
3 VqO can be reduced by taking the factor 9 from under the radi- 
cal sign. Thus 8 1^=3 V9 x 10=9 VlQ. This is the product in 
the Bimplest form. 

156. A radical is said to be in its simplest formwhen 
the qmantity under the radical si£n is the smallest 
possible integer. 

6. Multiply V| by V? 

Suggestion. -By (149, let) V|x Vf= V|7}= Vf. Now this 
is the product, but it is not in its rimplegt form, since therd is a 

fraction under the radical sign. But "We observe that VF= Vfxf 

= Vi*= V-^ X 10=t ViO, which is the product in its simplest 
form. 

6. Multiply Vi by Vf Prod., iV2. 

7. Show that i/i=}V2. 

8. Multiply dVE by 2^. Prod., 6^^/600. 

9. Multiply 2VBxy by 5t/3^. Prod., ZOxy*. 



10. Multiply |/^ by |/^. Prod., ?V^. 



2y 'a 



11. Multiply \4 by V^. Prod., \V6. 

12. Multiply 5\/6 by 3^8. 

13. Multiply 3V2 by 2\/2. 
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14. Multiply \/2 by VS. 
16. Multiply ^ by \/4. 

16. Multiply Vo by Vl. 

17. Multiply 2VaA by ^y/ac. 

18. Multiply 6.^/^8^ by aVac. 

QuerieSm^ln order to change ^ for ^'~' wliat mnst we 
do to the quantities nnder the sign? What in order to change V 
for^ ? 

19. Multiply 3 by •/§. 

Buggettion.—Vfe can put 3 under the square root sign by 
squaring it, since V9=3. Hence we have 3xV|=V9x V}= 

20. Introduce the co-efficient under the radical sign 
in 5a 4/ — aiid put the result in the simple form. 

Besulty ^VlSaJ. 

21. Multiply Va+Vb 1^7 Va+V*. 

Pbocess. 

a+2Va&+6 
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This reBult should also be known as the square of the binominal 
V^+ Vb hj (40). 

22. Multiply ^^^ by V^ + Vi as abova 
What inspection should give the product ? 

23. Multiply 2-3^5 by 1+2^6. 

Pbocssb. 

2-3 Vg 
1+2^ 

2-3 V6 
4V5-30 

2+ V5-80, OP vg-sa 

24. Square Va*— «*. 

Suggestion* — Since to square a quantity Is to multiply it 

V itself, we have Va^—x^X ^a*^x^=i V(a«-aj*) (««-««)= 

V(a«-a?«)«=a«-aj«. That ^(a* -«*)«=««-«« is evident from 
the fact that a square root is one of the two equal factors of a 
number. 

157. To square a quantity affected with the sign 
^^ is simply to drop the si^n. 

25. Square V2— a^ 

26. Multiply Va^ by VaTb. Prod., Va*-**. 

27. Multiply Vl— a? by VS. Prod., Va^— «*• 

28. Square 2— V3 both by actual multiplication and 
by observing that it is the square of a binominal 

29. Square VT^+ Vl+a;. 
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Suggesti&Hm — ^This ia the equare of a binomial. Hence hy (40), 
we have "the sqaare of the 1st term," or 1— a?, "plus twice the 

product of the two tenns," or 24^1— a?*, "plus the square of the 
second term/' or l-k-x. Hence 

I VTZi^ VThi^ •=l-a;-f24^r^«+l+aj=2+2Vr^. 

30. Square as above VoT^— Va—a;*. 

Square, 2a—2Va^ —a;*. 



JEkrafnpiea in JHvision^ 

ISH. No new principles are needed to enable ns to 
effect diyision of radicals. 

1. Divide sVoJ by 2Va. 

^ ., SVci 8 ^^ , /ab . ^ 
Solution.— We may write — - = - —^r- =4 i / — =*4 rb. 

2Va 2 y^ y « 

See (149, 2d). 

2. Divide 8\/l08 by 2a/6. Quot^ 12^/2. 

3. Divide iV^ by iV^. 
Suggestion.— We have t^ = 2^^2 = 1 ^• 

4. Divide ^Vax by 3V^. 

A\/aa 4 ^a'x* _ 4 / a'a;* _ 
8u^gestian.^We bave j-^= 3 x ^— - gj/ ^3^ - 



4 //fl = 



=4^/^^- 
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5. Divide Vm by 5^2. 

6. Divide j/| by |/^. 



V 






7. Divide 15a*V6^ by S&V^y. 

8. Diyide 6a;Vi8y* by 3 Viy** 

9. Divide i/| by a/\. Quot, f Vs. 

10. Divide 12a;«yV72a:«y« by 6a;A/85^. 

11. Divide V^OoS by VSa. 



SECTION XXVIII. 

PURE QUADRATIC EQUATIONS. 

150. The Degree of an equation is determined hy 
the highest nurnber of unknown factors occurring 
in any term when the equation is freed from radi- 
cals or fractional exponents as affecting the un^ 
known quantity. 
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ThoB Of— &s*=e+^, 18 of the 3d degree ; a'«— 4e=12 ie of the 
Ist degree ; z'|r'=18 is of the 4th degree, etc 

160* A Simple EquatkNi is an equation of the first 
degree. 

Thafl ff=ax + d Is a oimple equation, as alao is —^ + 4E=:ia;+5. 

161* A Quadratio Equation is an equation of the second 
degree. 

Illubtratiov. ^+8!r=5 ia a qoadnttic, as ia alao x*=.a, or 
2y=6, or X* +y«=7. 

162« Quadratio Equations are distinguished as Pure 
{called also Incomplete]^ and Affected (called also Com- 
plete). 

16S. A Pure Quadratic Equation is an equation which 
contains no power of the unknown quantity hut the 
second. 

Thou ax* +&=ci2, and ic'— 86=102, are pnre quadratics. 

164« A Root of an equation is a quantity which, 
substituted for the unknown quantity, satisfies the 
equation. It is the value of the unknown quantity. 

1. What is the value of z in the equation a;*=9 ? 

SoLtmON. — As the square roots of equal quantities are equal, 
we can extract the square root of each member and not destroy the 
equation. Hence we have x-= ±8. It seems, then, that x has two 
'oalueSy viz., «= +3, and aj=r— 3. This is evidently true since the 
square of + 8 is 9, and the square of —8 is also 9. 

165. A Pure Quadratio Equation always has two roots, 
numerically the same, hut with opposite signs. 
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2. What are the roots of a;^— 36= ^ +12 ? 

Solution. — Clearing the equation of fractions, transposing and 
uniting terms, and dividing by 8, as in simple equations, we have 

Whence «= + 8, and —8. 

Solve the following : 

3. 6a;«-48-2iB«=96. 

4. 2a:8 + 9=81. 

9 
6. (2a:-5)8=ic«— 20a;+73. 
7a:»— 25 



8. aa;«-&=l. a;= ' ' ^" + * 



=-i/? 



9. a«a;«-5«=0. •a;=±-. 



a 



Pro5le9ti5» 



1. There is a number such that by adding 5 to it for 
one factor, and subtracting 5 from it for another fac- 
tor, we may obtain 96 for the product. What is that 
number ? 

Suggestion. — ^The equation is (iu+SXaJ— 6)=96, or 

aj« -25=96. 
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From this ar= + 11, and «=— 11. Which of these shall we take ? 
In troth, both will fulfill the conditions. Bat as we nsoallj refer 
to positive quantities only in sach questions, it is customarj in 
elementary inquiries to neglect the negatiye roots. They will be 
neglected in these problems. 

2. Find two numbers snch tliat their product shall bo 
750, and the quotient of the greater diyided by the lesa^ 

3. Find a number such that if \ and ^ of it be mul- 
tiplied together, and the product diyided by 3, the quotient 
wiU be 298f. An%., 224. 

4. Find two numbers which shall be to each other as 
2 to 3, and the sum of whose squares shall be 208. 

Ans.^ 8 and 12. 

5. A merchant bought 2 pieces of cloth, which together 
measured 36 yards. Each piece cost as many quarter- 
dollars per yard as there were yards in it, and the entire 
cost of one piece was 4 times the cost of the other. How 
many yards were there in each piece? 

AnB.y 24 in one, and 12 in the other. 

6. A detachment from an army was marching in regu- 
lar column, with 5 men more in depth than in front; 
but upon the enemy's coming in sight, the front was in- 
creased by 845 men ; and by this movement the detach- 
ment was drawn up in five lines. What was the number 
of men ? -4w5., 4550. 

Suggestion.— -li we call the first line x men, there would have 
been a? +5 lines, and hence aj'+5aj men in the detachment. The 
equation is x*-\-5x=6x + 4225. 

7. A man lent a certain sum of money at 6 per cent. 
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a year^ and found that if he multiplied the principal by 
the number representing the interest for 8 months, the 
product would be $900. Bequired the principal. 

Principal, $150. 

Suggestion* — The interest for 1 year is j^ , x being the prin- 
cipal ; for -of a year it is - of j^, or ^^ . 

8. Find three numbers in the ratio of 2, 3, and 6, the 
sum of whose squares is 342. N^umbers, 6, 9, and 15. 

Suggestion* — Let 2x, 8^, and 5x represent the numbers. 

9. What two numbers are those which are to each 
other as 3 to 4, and the difference of whose squares is 28? 

Numbers, 6 and 8. 

10. Find three numbers in the ratio of m, n, and r, the 
sum of whose squares is s. 



V 



Numbers, mA / — % , nA / — , 



s 



2 _L«.8 — ••S 



11. What two numbers are those which are to each 
other as m to w, and the difference of whose squares is 5? 



Numbers, mA/ —z ^, nA/ —- — 

' y m^— n« y m« — 



7^8 



12. The number of rods in the length and breadth of 
a rectangular field are in the ratio of 4 to 3, and the 
length of the diagonal is 100 rods. How many acres are 
in the ;field ? Ans., 30 acres. 



190 INTBODUCTION TO ALGEBRA, 

13. Bobert has three equal square lots. If he had 193 
square rods more, he would have as much land as would 
be in one square lot whose sides are each 25 rods. What 
is the length of each side of the three equal square lots? 

Ans.y 12 rods, 

14. There are two numbers whose sum is 17, and the 
less divided by the greater is to the greater divided by 
the less as 64 : 81. What are the numbers ? 

Ans.j 8 and 9. 

15. What are the two numbers whose product is a and 
quotients? Ans^ Vad and /I/t- 

16. What two numbers are as m : w, the sum of whose 

squares is a? 

mVa , nVa 

Ans.f , ~ and . — = . 



SECTION XXIX. 

AFFECTED QUADRATICS. 

166. An Affected Quadratic equation is an equation 
which contains terms of the second degree and also 
of the first, with respect to the unknown quantity. 

Tlinsaj«^2aj=8,a,«4«»=?!+5, and aj-l=5l±?5, are affected 
quadratics. 

167. In order to solve an affected quadratic equation. 
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|^_^ . .■■_JB__M_M-^ 1 ■ ■ 1— -- 1 ■- I - 

we need to obserye carefully the square of a binomial. 
To this we will attend before attempting the solution of 
such an equation. 

1. What is the square of a;+2 ? 

Of how many terms does the square of a binomial con- 
sist? 
What is the first term ? 
What the second term ? 
What the third term ? 

2. What is the square of a;— 5 ? 
Same questions as above. 

3. What is the square of a;+a? 
Same questions as above. 

4. What is the square of x—a ? 
Same questions as above. 



6. If «* +4a; is the first two terms of the square of a 
binomial^ what is the third term ? 

What is the first term of the square of a binomial ? 
Then what is the first term of the binomial, the first 
term of whose square is x^ ? 

What is the second term of the square of a binomial ? 

Then half the second term is what ? 

If then '2x is the product of the two terms of a bino- 
mial, and the first term of the binomial is Xy what is the 
second term of the binomial ? 

6. If ic* — 18a; is the first two terms of the square of a 
binomial, what is the third term ? 
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Will a;— 4 squared give a;*— 18a; for the first two terms 
of the square ? 

Will a;— 2 squared give these? 
Will a;+3 ? 
Will a;-3 ? 

7. If a;*— 6a; is the first two terms of the square of a 
hinomialy what is the third term ? 

8. What is the square of aj+^? 

9. What is the square of x^\a ? 

10. If a;'4-«a; is the first two terms of the square of a 
binomial, what is the third term ? 

What is the binomial of which a;* +aa: is the first two 
terms of its square ? 

11. What is the binomial of which x^—ax is the first 
two terms of its square ? 

12. Is the first term of the square of a binom.ial 

ever — ? 

Is the third term of the square of a binomial eyer — ? 

When is the middle term of the square of a binomial 
+, and when — ? 

168. If x^+ax, or x^—ax, is the first two terms of 
the square of a binomial, the third term of this 
square is the square of half the co-efflcient of x and is 
always +. 

13. According to this principle tell what the Completed 
Square is in each of the following : 

a;* + 8a;. Completed Square^ a;* + 8a; -f 1 G. 
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x^ — lOo?. Completed Sqtiare, x^ — lOa? + 25. 

X* + 12a;. 

a;»— 12a?. 

a;» + 20a?. 

a?»+16a?. 

a?* — 5a?. Completed Square, a?' — 5a? + ^. 

a?« + 3a?. 

a;» +a?. What is half the co-efficient of a? ? 

x*^7x, 
x^—x, 

a?* — 3ma?. Completed Square, a?» — 3ma? H — j-. 

a;* + -T-a?. Completed Square, x* + -^a? + tj. 

a;* — s-^» Completed Square, a?« —,-7-^ 4- ttt-s- 

2/1 ^ ^ 2/i 16/1* 

a;* + (a— J)a?. What is the square of J the co-efficient 

of a?? 

» 2m +4 

a?* a?. 

a 

. « + l ^ 1^ i« . « + l («J+1)* 

X* + -rr — a?. Completed Square, x* + -rr — a? + ^—7; — ^f-. 
2m r- 2 ^ 2m 16m* 



14. What is the square root of the completed square 
of the following : 

x*—6x? Square Root of C. Sqr,, a?— 3. 

x^ + 24a? ? Square Boot of C. Sqr., x 4 12. 

a;» + 14a? ? 

a?2— 2a;? 

x^—x? 

z^-\-x? . 

ft?« —11a? P Sqmre Root of C. Sqr., a?— Y* 

& 
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o 

a?*H X? 

a 

a'—l a*— 1 
ir* T — a; ? Square Root of C, Sqr., x ^r— • 

x' H X ? 

a 

a:«-7Ja;? 

169. Ifx* +ax, or x«— ax, m the first two terms of the 
square of a bi?iomial, the binomial is x +, or — , half the 
co-efficient of x in the given expressio?i, + when the sign 
ofdkX is +, and — when the sign is — . 



SoltUion of Affected QuadraticSm 

1. Given a;* 4-10a;=24 to fiud the value oix. 

Solution. — Adding 25 to each member, which will not destroy 
the equation, it becomes 

a.t4.10a;+25=49. 
Extracting the square root of each member, since the square 
roots of equal quantities are equal, we have 

aj + 5=±7. 
Hence, ic=7— 5, and —7—5, 

or a;=:a, and —12. 



AFFECTED QUADRATIC EQUATIONS, 195 

170, We see from this solution that an affected 
qiuadratic has two roots, or values of the unknown 
quantity. 

2. Find the values of a; in the equation a;*— 6a;=135. 

Solution. — Ck)mpleting the sqnare of the first member by add- 
ing 9 to it, and also adding 9 to the second member so as to pre- 
serve the equality of the members, we have 

aj*-6aj+9=144. 

Extracting the square root of each member, which does not 

destroy the equation, since the square roots of equal quantities are 

equal, we have 

a?— 3= ±12. 

Whence, aj=12 + 3, and —12+3, 

or 2;= 15, and —9. 

3. Solve —T- — = —-J— . 

Solution. — Clearing the equation of fractions, we have 

2a;*+8=a;* + 6a;. 

Transposing the terms containing x into the first member and 
the known terms into the second, we have 

2«*— aj«— 6a;=— 8. 
Uniting similar terms, we obtain 

»*— 6a;=-8. 
Solving this as before, we find 2;=4, and 2. 

4. Solve 9a;+- = — +4. 

X X 

SOLXTTION. — Clearing of fractions, transposing, and uniting terms, 

w© have 

9aj«— 4a;=28. 

Dividing each member by 9, w© obtain 
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Completing the square, 
Extractii]g the square root of each member, we have 

Whence, «=2, and —V. 

Note. — ^It is not best actually to square the half co-efficient of x 
SA added to the first member, but only to indicate its square. 

From these examples we infer the following rule for 
solving affected quadratics : 

171. RULE.~l8t. Heduce the equation to the form 
x'+ax=b. 

2d. Add the square of half the co-efficient of the 
second term to both memhers of the equation, 

3d. Extract the square root of each member, thus 
•producing a simple equation from which the value 
of tJie unknown quantity is found by simple trans- 
position. 

Dbh. — By definition, an Affected Quadratic Equation contains 
but three kinds of terms, viz., terms containing the square of the 
unknown quantity, terms containing the first power of the un- 
known quantity, and kriawn terms. Hence each of the three kinds 
of terms may, by clearing of fractions, transposition, and uniting, 
as the particular example may require, be united into one, and 
the results arranged in the order given. If, then, the first term, 
i. e., the one containing the square of the unknown quantity, has 
a co-efiicient other than unity, or is negative, its co-efficient can be 
rendered unity or positive without destroying the equation, by 
dividing both members by whatever co-efficient this term may 
chance to have after the first reductions. The equation will then 

take the form .'B*±fl«j=± &. Now adding (-) to the first mem- 
ber, makes it a perfect square (the square of a;±^j, since a tri« 
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nomial is a perfect square when one of its terms (the middle one, 
aa, in this case) is ± twice the product of the square roots of the 
other two, the^e two being both positive. But, if we add the 
square of half the co-efficient of the second term to the first mem- 
ber to make it a complete square, we must add it to the second 
member to preserve the equality of the members. Having ex- 
tracted the square root of each member, these roots are equal, 
since like roots of equals are equal. Now, since the first term of 

the trinomial square is a?', and the last ( x) ^oes not contain x, 

its square root is a binomial consisting of x±\he square root of its 
third term, or half the co-efficient of the middle term, and hence a 
known quantity. The square root of the second member can be 
taken exactly, approximately, or indicated, as the case may be. 
Finally, as the first term of this resulting equation is simply the 
unknown quantity, its value is found by transposing the second 
term. 



172. Solve the following affected quadratics, verifying 
those to which the answers are not given. 

1. a;8— 15=45— 4rB. ic=6, and —10. 

2. a;3— 6a;4-9=l. 

3. a;«=8a;+9. 

4. 5a;— 23= • a;=5, and —1. 

Verification. — ^To verify the value aj=5, we have 

Now 5»5— 23 is 2 ; and — ^ — is also 2, hence the equation is 
true for 05=5. 
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To verify tlie value a;=— 1, we have 

Now 5x(-l)-23 is -5-23, or -28. 

^ ^ 25-3 x(-l) . 25+3 ^ 

And T^ — - 18 __^ , or —28. 



Hence the equation is true for £=— 1. 

. -^ 7a;-8 



u. 


a; 


6. 


|! - ? + 20i=42|. 


7. 


22— i 15— a; 
20 ^ a;-6 ' 


8. 


a; a;+3 
a;+8"" 2a; + l' 


Q 


X 7 



a;=4, and —2. 



a:=7, and —6^. 



a;+G0'"3a;— 5* 

10. 3a;«— 408=2a;. 

11. -12 + 61aj=5a;«. 

^c c 3a;— 6 ^ 3.r— 3 a a ^ 

12. 2a; 4- -— ^^ — = 5a; 5-. a;=4, and — 1. 

2 a;— o 

X 

14. a;2 4-6a;=55. 

15. a;8-5a;=7. 

Solution. — Completing the square, we have 
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Extracting the sqaare root, aj — — = ±y -. ^ ^- 4/53. 

Hence aj= jr ± k 'V^sSi 

In such a ccLse as this, i. e., when the second member of the equxu- 
tion is not a perfect power, after the square of the first member has 
been completed, we m^y leave tJie result in the form above, or extract 
thesquarerootof the member under the radical to any required de- 
gree of accuracy. 

Thus, V53=7.28 + . Whence 0? = ^^^^, and 5z^:?§ , or 

6.14, and —2.14, approximately. 

16. x^'h4tx=ll. a;=1.84-,aaid —5.8 + . 

17. ^^ = - + 1. a;=8.22, and -1.22, nearly. 

18. 3-5a;+2a;« = 7. x^-"^ 



2 



ly. :r — ^ 



20. a;«— 4a;=— 20. x=2±V—16. 



Note. — Sach an expression as V— 16, i. e., the indicated square 
root of a negative quantity, is called An Imaginary Quantity. 
You observe that we cannot obtain the square root of a negative 
quantity, for the square root of a quantity is a quantity which 
multiplied by itself produces the given quantity. Now, no real 
quantity multiplied by itself produces a negative quantity. Thus, 
if we attempt to get the square root of —16, what shall we call it? 
Is it +4? No; since +4, squared, is +16. Is it, then, —4? 

No; for —4, squared, is +16. But, (+4) x(— 4)=— 16. Is not 
one of these factors, then, the square root of — 16 ? No ; since 
the factors must be equal, and + 4 and —4 are not equal. 



200 INTBODUCnON TO ALOEBRA. 

178. An imaginary quantity i$ an indicated even root 
of a negative quantity. 



21. rr'— 10a;=— 40. x=b±^/— 15. 

22. a;"+ 8a;=r~50. «=-4±V'ir34; 



23. "^ 



Solution. — Clearing of fractiona, a?^hx=hx+ db. 

TraaspoBing and uniting, a^— 2&i;=ad. 

Completing tlie square, a^ — te + ft" = aJ + &'. 

Extracting square root, a?— 6= ± Vad+6*. 

Transpofiing, iP=ft± Va*+^. 

24. a' + y-2Ja:+a;'=^. 

Solution. — Clearing of fractions, a'n'+^»— 25n-^+nV=mV. 
Transposing and uniting, (n*— TO')a^— 2i;i*aj=— a'Ti'— &^*. 

Dividing by the oo-efficient of a?, ar r -aj= ?——=-. 

Completing the square, 

, 25?i* / 6n« y_ ft'n* a«n«+&«n* 

Uniting terms in second member, 

n*— TO* \»*— TO*/ ~ (n*— TO*)* 

Extracting square root of each member, 

X - -^^ = ± -r— t Va«TO«+&«7»*-a*»« . 
n'—TO* n*— TO* 

Transposing and factoring, 

a?= , ^ , \lm± Va*TO*+6*n*-a*»»l . 

»*— TO* ( J 
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25. ax^ + aK=c. a; = x • 

26. 2arc— a;2 = — 2aft— J«. a;=2a4-J,and —J. 

27. a:2+aa;=&. 

28. x^—ax^h. 

29. a:«+aa:=— S. 

30. ic'— oa;=— J. 



SECTION XXX. 

PROBLEMS PRODUCIJ^'Q AFFECTED QUAD- 
RATICS. 

1. Divide the number 56 into two such parts that their 
product shall be 640. 

Suggestion^ — ^The equation is (56 — cb) cb = 640. The parts are 
40 and 16. 

2. Divide a into two such parts that their product shall 
be m. Deduce from the result the results in the preceding. 

Suggestion, — The equation is {a—x)x=m. The parts are 

o+ Va*—4tm ^ a— Va*—4m 
— L and , 

2 2 

3. The difference between two numbers is 6, and the 
sum of their squares is 50. What are the numbers ? 

Ans., 7 and 1. 

4. The difference between two numbers is d» and the 

9* 
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sum of their squares is s. What are the numbers? De- 
duce the results in the last from these answers. 

An8.y , and . 

5. A nursery-man planted 8400 trees at equal dis- 
tances, in the form of a rectangle, having 50 trees more 
in front than in depth. What was the number in front? 

Ana.^ 120 trees. 

6. Divide 8 into two such parts that their product 
shall be n times their difference. Find from the literal 
or general answers, the answers when 30 is the number 
and their product is 8 times their difference. 

Literal Results^ x=\{8 4- 2w ± V«*T4^). 

Queries, — Would it be consistent with the problem to take the 

value of X as i(«+2;i4- V«*+4n*) ? Would this make a;, which is 
one of the parts of s, greater or less than « ? x being one of the 

parts, and its value being \{s-\-2n— Va*+4»*), the other part, 

8-x, is i(«-2?i+ V<«+4/i*)- 

7. The ages of a man and his wife amount to 42 
years, and the product of their ages is 432. What is the 
age of each ? Ans.y Man's, 24 years; wife's, 18 years. 

Queries, — Which of the above problems is essentially the same 
as this ? Which of the general (literal) answers will give the an- 
swer to this by merely substituting the numerical values as here 
given? 

8. A is 4 years older than B ; and the sum of the 
squares of their ages is 976. What are their ages ? 

An8,y A's age, 24 years ; B's, 20 years. 
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Queries* — Wliich of tlie above problems is essentially the same 
as this 7 Whicb of the general solutions above covers this ? 

9. A merchant has a piece of broadcloth and a piece 
of silk. The number of yards in both is 110 ; and if the 
square of the number of yards of silk be subtracted from 
80 times the number of yards of broadcloth, the differ- 
ence will be 400. How many yards are there in each 
piece? Ans.y 60 of silk; 50 of broadcloth. 

10. A merchant bought a piece of cloth for $45, and 
sold it for 15 cents more per yard than he paid. Though 
he gave away 5 yards, he gained 14.50 on the piece. 
How many yards did he buy, and at what price per yard? 

An8.y 60 yards, at 75 cents per yard. 

8uggestion,m — Let a; = number of yards; the equation is 
/!^ + 15 Va;-6)=4500 + 450. 

11. A person being asked his age, answered, "My mother 
was 20 years old when I was born, and her age multiplied 
by mine exceeds our united ages by 2500." What was his 
age ? Ans.y 42 years. 

12. The length of a certain field exceeds its width by 8 
rods ; and its area is 768 rods. What are the dimensions 
of the field? Ans.^ Length, 32 rods; width, 24 rods. 

Queries* — Which of the above problems is essentially the same 
as this ? Deduce the answers to this from the general results in 
the corresponding problem above. 

13. A man bought a number of sheep for 1240, and ^ 
sold them again for 16.75 apiece, gaining by the bargain 
as much as 5 sheep cost him. How many sheep did he 
buy ? Ans,^ 40. 
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8uffff€Siian» — Letting «=nimiber of eheep, cent8=oost 

120000 
of 1 Bheep, and = amount gained by the bargain. 

OS 

14. A person invested a certain sum of money for 
goods, which he sold again for $24, and thereby lost as 
many per cent, as equaled the number of dollars invested. 
How much did he invest ? Ans., 140, or $60. 

15. A man sold a horse for 1312.50, and gained one- 
tenth as much per cent, as the horse cost him. How 
much did the horse cost him? Ans,, 1250. 

Suggestion. — One-tenth the cost is r^ , letting a;=:the cost. 
Hence his gain was t^t^ of the cost. The equation is 



X* 

1000 



= 312.5-a?. 



16. A set out from C towards D, and traveled 7 miles 
an hour. After he had gone S2 miles, B set out from D 
towards C, and went each hour -^ of the whole distance ; 
and after he had traveled as many hours as he went miles 
in one hour, he met A. Required the distance between 
the two places. Ans., 152, or 76 miles. 

Stiggesiion. — Letting x = the distance from C to D, Tq = B's 

distance per hour, and also his time. The equation is 

32 + h = X, 

**^ ^ 19 (19)« 

17. A certain number consists of two figures whose 
sum is 12; and the product of the two figures plus 16 is 
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equal to the number expressed by the figures in inverse 
order. What is the number? Ans.^ 84. 

18. Find two numbers whose sum is 8, and the sum of 
whose cubes is 152. 

19. Two travelers, A and B, set out to meet each other, 
A leaving the town C at the same time that B left D. 
They traveled the direct road C D, and, on meeting, it 
appeared that A had traveled 18 miles more than B ; 
and that A could have gone B's journey in 15| days, but 
B would have been 28 days in performing A*s journey. 
What was the distance between and D ? 

Suggestion* — Letting 2; = number of miles A traveled, the 

equation is 

632? 28(a;-18) 





4(a;-18) ~ x 


or 


9a;«=16(aj-18)«, 


whence 


ar=4(a;-18). 



20. A merchant bought a piece of cloth for $120, and, 
after cutting off 4 yards, sold the remainder for what the 
whole cost him; by which he made $1 a yard on what 
he sold. How many yards did the piece contain ? 



SECTION XXXI. 

FREEIJTG EQUATIOJTS OF RADICALS. 



1. Given 10 + ^2^+9=15 to find the value of a;. 

SoiiUnoN. — Transposing and uniting so that the radical shall 
cmiMitute one member, we have 

4^2ST9=5. 
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Squaring each member, which will not destroy the equation, since 
the squares of equal quantities are equal, we find 

Hence a;=8. 

2. Giyen 9 +^^^=10 to find a:. Verify. 



3. Give n 2^=2 to find x. 



SugffesHan. "The successlTe transformed equations are 

3V2j;+27-11=10, 
3V2aj+27=21, 
.V2i+27=7, eta 

4 Given 2\/a:— 4= V2i to find x. x=S. 

Suggestion. — Square each member. The square of 2 Va?— 4 
is 4aj-16. 



5. Given V7a;-13=V91— a: to find x. Verify. 

6. Given Va;— 16=1/^— 2 to find a?. 

Suggestion, — Squaring, or— 16 =aj— 41^+4. 

Transposing and uniting 4 1^=20. 

Dividing by 4, r«=5. 

Squaring again, a;=25. 



7. 6iven2+a:=\/^+a?\/64+a;8 tofinda;. 
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Suggestion* — The successive transformed equations are 

4+a: = V644-aj*, 
8a;=48. 

8. Given V«+13-f V^=13, to find a; Verify. 

9. Given Va^— 32=16— Va;, to find a?. Verify. 



10. Given \/a; + fl=J + V^ to find x. 



flj=^ — 

46* 



Find the value of x in the following, which are pure 
Quadratics- after being freed from radicals. 

11. 24-V2a;«+9=15. JC=6, and -6. 

12. 13-V3a;» + 16=5. Verify. 

13. 7;V6 + a;«=l+a;«. 2:=^^, and — |. 



14. Va + ic + Va— «=J. ir=±-V4a— *2. 

5Mfirfires<ion.— Squaring, a+a;+2 Va^ —a* +«—«=&*. 
Whence 2 Va« -««=&» -2a. 

15. a;Va+^=J+ic». a=±-32j'^^""^*- 
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. ■ ■ 

Find the Talue of the following, which are affected 
Quadratics after being freed from radicals. 

16. a; + 5— V«+5=6. a;=4, and —2. 

Buggestionm — The successive transformed equations are 



ic-f 5=aj'— 2aj-Hl, etc. 

17. a;+16— 7ViTT6=10-4V^Tl6. a;=9and-12. 
Suggestion. 3Va;-hl6=a?— 6. 

18. V6^x:=2a/-. jc=4, and2. 

19. i^/^^2=A/^^^^—. a=12, and -llf 

20. Vx X V5a;-20= V7a;-34. ir=3|, and 2. 



JProfdems. 



1. The ages of two brothers are such that the age of 
the elder plus the square root of the age of the younger 
is 22 years, and the sum of their ages is 34 years. What 
is the age of each ? Ans,, Elder, 18; younger, 16. 

2. A man said that he had sold such a part of his 
farm that, if he had sold ^ more of it, he would have sold 
the square root of what he did sell plus its square. What 
part did he sell ? Ans^ }. 

The equation is «+ i = Vaj+aj*. 
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3. What number is that expressed by two digits which 
are in the ratio of 1 to 2, and the square root of whose 
eum is -^ of the number itself? 

4. What number is that to which, if 1 be added, 
the square root of the remainder is equal to \ of 
the difference between the square root of the number 
and 1? 

The equation is Vx-\-\ = — - — . From which we find x imagi- 
nary. This means that there is no such number. 

6. What number is that to which if 33 be added, the 
square root of this sum increased by the square root of 
the difference between the number and 63 is 12 ? 

6. If 4 be subtracted from a father's age, the remainder 
will be thrice the age of the son ; and if 1 be taken from 
the son^s age, half the remainder will be the square root 
of the father's age. Required the age of each. 

Father^s, 49 ; sorCs, 15. 

7. A young lady being asked her age, answered, " If 
you add the square root of my age to f of ray age, the 
sum will be 10." Required her age. 

8. A stranger asked the distance to a certain place 
and was told that twice the square root of the distance 
exceeded 5 miles by twice the reciprocal of the square 
root of the distance. The stranger replied that this 
answer was ambiguous. Why was it so ? 
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SECTION XXXII. 

SIMULTAJ^EOUS QUADRATIC EQUATIOJfS 
WITH TWO UJ^KJ^OWJ^ QUAJ^TITIES. 

One Simple Eqttatian and one QaadraMc* 

1. Given 2a:— 5y=ll, and a;«— y + 10=3y«+149, to 
find X and y. 

SoLunoiT. — Here we have a Simple EquaMon and a Qiiadratic. 
Putting the eqnations in their simplest form (the simple equation 
is in such form), we have 

2a!-5y=ll, 
and «*— y— 3y*=139. 

Finding the value of one of the unknown quantities, as x, from 
the Simple EqtLotion, we obtain, 

"- 2 • 
Sabstitnting this in the ^uadratie, we have 

Clearing this of fractions, transposing, and uniting terms, 

13y«H-106y=435. 
Solving this affected Quadratic, we find 

y=3, and — —. 

Substituting these values of y in the value of x found from the 

simple equation, we find that 

for y=3, a;=13, 

145 291 

and for y=-j3-, ^=-13-- 

174. Ifc is very important that the pupil observe how 
the values of the unknown quantities are related to each 
other; thus, in this case, y=3 and a;=13 are correlative. 
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1 Qoiy 

and will satisfy the equation. But y=3 and x= — z-^ 
will not satisfy it; neither will y= — — - and a;=13. 
But y= — — and x= — ^ will satisfy the equation. 



175. Two equations between two unknown quan- 
tities, one of the first decree and the other of the 
second, may be solved as a Quadratic by finding the 
value of one of the unknown quantities in the sim- 
ple equation, substituting this value in the qua^ 
ratio, and solving tJie resulting equation* 

Solve the following : 

1. a;+y=9, ) x=3,y=6; and 

2. ic+2y=7, ) ir=3, y=2;and 
z^ + dxy—y* =23. ) z= 15|, y= —4^. 

3. x—y=-2, ) »=— i, y=lf; and 



y__Sxy > 
10 10*) 



2^+^=-7^- \ ^=^> y=^' 



4. 2a;+y=10, J a;=5|,y=— J; and 

2a;8— a;y=54:— 3y». ) a;=3, y=4. 

176. In solving such equations, care should be taken 
that the values be given in the proper order. The First 
Boots are those which arise from taking the -f sign of 
the radical in solving the Quadratic. 
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The values of x are —3 and 8 ; and 
of y 3 and —8, which is the First pair 
of values ? "Which is the second ? 



6. a;— y=5,) J 
»y=36. \^ 

7. 3a:«=24-2y,^ 

_ l-2y [verify. 

8. 7.++y=23, J 



Is the first value of x 9, or —4 ? What 
is the corresponding valae of y ? What 
the other values ? 



9. ax+by= 



-\ 



xi/=d. 



fl?= 



c±Vc^—4:abd 
2a 



y= 



c TVc^—4ta/jd 
2d 



Two Momogeneaus Quadratles. 

177. A Homogeneous Equation is an equation in which 
each term into which the unhnown quantities enter 
lias the same number of unhnown factors. 

Thus a?y =8, and x* — 2ajy +y* =4 are homogeneoas ; but 2aj + y—1, 
and x^ H-3a:y— y»=23, are not homogeneous viith each other, though 
each is homogeneous in itself . &z;— 2^=10 is not homogeneous, 
nor is a;«— ary+y=81. 

Solve xf/=Sf and a;*— 2a:y+y*=4. 

Solution.— Let y^ex, v being an unknown multiplier which it 
will be our purpose to determine. Substituting in both equations 
vx for y, 
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the first becomes i»;'=8, (3) 

and the eecond, «*— 2D«*+t)*a?'=4. (4). 

From (3) »* = - ; and from (4), «' =5 — ^r . 

Placing these values of x'^ equal to each other, since the equa- 
tions are supposed simultaneous, 

8 4 2 1 



or — = 



«~'l-2« + ©«' c "~ 1— 2i? + «« ' 
Solving the last we find 

2-4«f+2D«=t?, 
2««— 5«=— 2. 
Whence «=2, and J. 

Taking the former, (3) becomes 2aj*=8 ; 

whence aJ= ±2, and y=vx, 

gives y=±4. 

The value «=i would simply exchange the values of x and y, 
making »= ±4, and y= ±2. 

178. Two Homogeneous Quadratic Equations between two 
unknown quantities can always be solved by the 
method of qvAidratics, by substituting for one of the 
unhnown quantities the product of anew unJcnown 
quantity into the other.* 

Solve the following by the above method, being sure to 
observe which values of x and y go together. The 
numerical values will be written in the margin without 
indication as to which of the unknown quantities they 
are the values of, or as to their order : 



1. x^Jtxy =60, ) 5, -5, 12\/2, -12V% 

a:y + 2y« = 133. ) i^V2, -^V^ -7, +7- 



* Of course such equations can be solved without this expedient, 
and some of them by more elegant methods, but this form of solu- 
tion is of great practical importance and should be familiar. 
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2. a:y-5y« = -102, ) 6, 13, —6, —13, 

rr*— 2y* = 97. ) omittingthenegative valueof v. 

3. 2a;«— 3xy=56, ) ±3, ±8, omitting the second 
xy — y* =15. ) value of v. 



4. 2a;«- fl;.y=6, ) +2, -2, +4VT, -f^/?, 

2y«+3a:y=8. J +4^7, -^v^, 4-1, -1. 



6. 5a;«— 3a;y=56, ) 
5y«+a:y =28.) 



=3a:y-2, ) 
+ y» =5. ) 



6. 4a;8=3a:y-2, 
a:* 



7. x^+xy =12,) 
a:y-2y« = l. ) 

8. 3a;8-3a:y+y«=21, ) 
2a;y=3y»+a;«-19. ) 



JProbietns, 



1. If a certain number, consisting of two places, be 
divided by the product of its digits the quotient will be 
2, and if 27 be added to it, the digits will be in an in- 
verted order ; required the number. Arts., 36. 

2. The perimeter^ or sum of the four sides of a rect- 
angle, is 112 rods, and its area is 720 square rods. What 
are the length and breadth of the rectangle ? 

Ans^ 36, and 20 rods. 

3. The fore wheels of a carriage make 2 revolutions 
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more than the hind wheels in going 90 yards ; but if the 
circumference of each wheel is increased 3 feet, the car- 
riage must pass over 132 yards in order that the fore 
wheels may make 2 revolutions more than the hind 
wheels. What is the circumference of each wheel ? 

A ns., Fore wheels, 13 J feet ; hind wheels, 15 feet, 

4. A and B start at the same time, from two different 
points, and travel towards each other; when they meet 
on the road, it appears, that A has traveled 30 miles more 
than B. It also appears, that it will take A 4 days to 
travel the road that B has come, and B 9 days to travel 
the road that A has come. Find the distance of A from 
B, when they set out Ans., 150 miles. 

5. Two persons, A and B, depart from the same place, 
and travel in the same direction ; A starts 2 hours before 
B, and after traveling 30 miles, B overtakes A ; but had 
each of them traveled half a mile more per hour, B would 
have traveled 42 miles before overtaking A, At what 
rate did they travel ? 

Ans*, A 2 J, and B 3 miles per hour. 

6. The area of a rectangular field is 1575 square rods ; 
and if the length and breadth were each lessened 5 rods, 
its area would be 1200 square rods. What are the length 
and breadth ? 

7. A man had a field 4 times whose length equaled 
6 times its breadth. He gave 3 dollars a rod to have it 
fenced ; and the whole number of dollars was equal to 
the number of square rods in the field. Required the 
length and breadth of the field. 
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. 8. What two numbers are those whose difference is 8, 
and the sum of whose squares is 544 ? 

9. Divide the number 100 into two such parts that the 
sura of their square roots may be 14. 

Suggestiatlt — Let x^ and y' be the numbers. 

10. The product of two numbers is 12, and the sum of 
their cubes 91, What are the numbers ? 

11. Divide 19 into two parts such that the square of 
the first divided by the second, plus the square of the 
second divided by the first, shall be 2m. 

12. The product of two numbers is a, and their quo- 
tient is b. What are the numbers ? 

13. The sum of the squares of two numbers is a, and 
the difference of their squares is b. What are the num- 
bers? 



Ans., ^i/^andi/^ 



2 ' '2 

14. Divide a into two such parts that the sum of their 
square roots, shall be b. 
The parts are 

a+bV2a-^^ , a—bV^a—b^ 
'y and 



2 ' 2 
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SECTION XXXIII. 

ARITHMETICAL PROORESSIOJT. 

179. An Arithmetical Progression is a series of numbers 
which increase or decrease by a common differ- 
ence, as 3, 5, 7, 9, 11 ; or 28, 23, 18, 13, 8. 

180* A Progression is Increasing or Decreaaing according as the 
terms increase or decrease in passing to the right. The terms 
Ascending and Descending are used in the same sense as increasing 
and decreasing, respectively. In an increasing Arithmetical Pro- 
gression the common difference is added to any one term to produce 
the next term to the right ; and in a decreasing progression it is 
subtracted. An A. P. is indicated thus, 3. .5. .7. .9. .11, etc. 

181, There are Fvoe Things to be considered in any progression ; 
viz., the first term, the last term, the common difference or the 
ratio, the number of terms, and the sum of the series, either three 
of which being given the other two can be found, as will appear 
from the subsequent discussion. 

1. Write 10 terms of the increasing Arithmetical Pro- 
gression whose first term is 3 and common difference 5. 
Seven terms of one whose first term is 1 and common 
difference 2, 

2. Write 8 terms of the decreasing A. P. whose first 
term is 123 and common difference 4. Five terms of 
one whose first term is 343 and common difference 20. 

Qtieries* — In an ascending A. P., how many times must the 
C. D. (Ck)mmon Difference) be added to the first term to produce the 
6th ? The 7th ? The 15th ? In a decreasing A. P., how many times 
must the C. D. be subtracted from the first term to produce the 6th 
term? The 11th? The 30th? 

3. Write 10 terms of an increasing A. P. whose first 
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term is a and 0. D. cU What is the 10th term ? What 
would be the 13th ? The 24th? 

182. The Last Term of an Increasing arithmetical pro^ 
jgression is equal to the first term + the comnrvon 
difference taken a^s many tim^es as there are terms 
less 1. 

Thus the 5th term of the 1st series aboye is 3 +4 times 
2 = 11. 

The last term of a Decreasing arithm^etical pro- 
gression is eqjjual to the first term, — the common 
difference multiplied hy the number of term^s 
less 1. 

Thus the 5th term of the second series above is 28 — 
4 times 5 = 8. 

4. If a is the first term, d the G. D. and n the number 
of terms, and I the last term, show that 

I = a + (n - 1) d. (1.) 

When the progression is decreasing, we have 
simply to regard d as minus. 

5. Apply formula (1) to find the last term of the 
increasing A. P., when a = 7, w = 42, and d = 11. 
When a = 13, w = 150, and d = 17. 

6. Apply formula (1) to find the last term of a decreas- 
ing A. P. when a = 247, n = 13, and d = 15. When 
a = 437, w = 21, and d = —17. When a = 28, d = 
— 12, and » = 8. 

In the last case we have ^ = 28 — 7x12 = 28-84 = —56. 

7. If the first term is 2, the last term 32, and the C. D. 
3, what is the number of terms ? 
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Solution. — Subetitnting in the formula ^ = a + (n — 1) d, we 
have 82 = 3 + (» — 1) 8. Whence, solving for n, we have n = 11. 

8. A man going a journey traveled the first day 7 miles, 
the last day 67 miles, and each day increased his journey 
by 4 miles. How many days did he travel ? 

9. A man traveled 16 days, going 4 miles the first day 
and 67 the last. What was his daily increase of rate, 
supposing it uniform? 

10.* A certain river is 150 miles long ; its source is 
927i/if. above the level of the sea, and its mouth 421f //. 
What is the average fall per mile ? Arts. ZAft,—, 

183. The first and last terms are called the 
Extremes of a progression, and the others the Means. 

11. Insert 4 arithmetical means between 17 and 57. 

As there are 2 extremes and 4 means in the required series, there 
are 6 terms. Hence we know the first term, (17), the last term, (57), 
and the number of terms, (6), and can find the C. D. The means 
are 25, 83, 41, 49. 

12. What is the arithmetical mean between 5 and 7 ? 
23 and 11? 17 and 22? 

184. The formula for inserting a given number 
of arithmetical means between two given ex- 
tremes is 

in which m represents the number of means. From 

* If teachers need more examples for class drill than are here 
supplied, they will find the Author's " Test Examples in Alge- 
bra ** a satisfactory resort. 
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this d, the comniorv difference, being found, the 
terms can readily he written, 

Dem. — ^If a is the first tenn and I the h&st, and there are m terms 
between, or m means, there are in all m*+ 2 terms. Hence, sabsti- 
tuting in the formnla / = a + (« — l)d, for n, in + 2, we have 

; = « + (»»+ l)d Fromthisd = — ^-4-. 

f» + 1 

13. Insert 10 arithmetical means between 127 and 3. 
7 between 155 and 128. 2 between 3 and 4. 6 between 
58 and 88. 

14. A wishes to place 26 trees in front of a lot 300 /i?. 
on the street, placing the trees at equal distances from 
each other, and one at each comer. How far apart must 
he place them ? 

This is a very simple question, bnt the purpose is to have the 
pupil apply the formula ^ = a + (n — 1) cf to its solution. 

15. Show that 2w — 1 represents the nth odd number, 
and %n the nth even number. 



185. The formula for the sum of an Arithmetical Progres- 
sion is 

.= ['-±-']n. 

s representing the sum of the series, a the first term, 
I the last term, and n the number of terms* 

Dem. — If I is the last term of the progression, the term before it 
is ^ — d, and the one before that I — 2cf, etc. Hence, as a. .a+ (2. . 

a+2(2 . . a+3(2 I represents the series, I. .1 — d. ,1^ 2d, . 

l—Zd a represents the same series reversed. Now the sum 

of the fiist series is 
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» = a+(a+c?)+(a+2(?)+ - - - {f-'%d) + Q—d)+l; 
and reverBe d g = ? +(^— tf)4-g— 2(Q4- - - - (a + 2(f) + (g+d) + fl. 
Adding 2« = (a+0 + (a+O+(a+^)+ - - (a + + (a+0 + (a+0. 

If the number of tenns in the series is n, there will be n terms in 
this sum, each of which is (a+0 > l^ence 2« = (a+Q n, or 

a + I' 



=[^> 



1. If the first term is 5^ the last term 23^ and the num- 
ber of terms 7, what is the sum of the series ? 

2. What is the sum of the first 13 odd numbers ? Of 
the first 13 even numbers ? 

3. Show that the sum of the first n odd numbers is w*. 
Of the first n even numbers is w*+w. 

4. Apply the above to find the sum of the first 17 odd 
numbers. The first 20 even numbers. 

6. Show that \ (n^+w) is the formula for the sum of 
the first n natural numbers^ and hence that this sum is \ 
the sum of the first n even numbers. 

6. Show that the common clock strikes 156 strokes in 
24 hours. 

7. A 10^ note for 1300, bearing annual intjBrest, has 
been running 8 yr, and no interest has been paid. What 
is due, allowing simple interest on the deferred payments 
of annual interest ? 

The 8th year's interest is $30, the 7th $88, the 6th $86, etc. 
Hence the interest is an arithmetical progression of 8 terms of 
which 80 is the first and 8 the com. diif. The last term is therefore 
51, and the sum (^^H^^) ^ 8 = 824. Amount of note $624 

8. Show that on such a note as the above the interest 
on the interest is \ (w^ — w) r^^?, n being the number of 
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years, r the rate (represented as lOOths), and p the prin- 
cipal ; and hence that jp+wrjE7+^^ (w^— n) r^jo, or 

^{l+nr[l+i(n-l)r]} 

is the formnla for the amount of such a note. 

Apply the formula ^ {l+nr[l+i(n — 1) r]} to the 
two following : 

9. On a note for $150 bearing annual interest at 1%^ the 
debtor had neglected to pay the interest for 3 yr. Allow- 
ing simple interest on the deferred payments, what was 
then due on the note ? An^.^ $183.71. 

10. On the same principle as in the last^ what is due 
on a note for $525, bearing 6^ annual interest, the 
interest payments haying been deferred 4 years ? 

AuB., $662.34. . 

11. A body falls 16^ feet the 1st second, 3 times as 
far the 2d second, 5 times as far the 3d second, and so 
on ; how far does it fall in 20 seconds ? An8.y 6433^/if. 

12. If a body fall n feet the 1st second, ^n feet the 2d, 
5n feet the 3d9 and so on, how far will it &11 in t seconds ? 

-4ws., ^i feet. 



186. Formulas 

l = a+(n-l)d, (1) 

and 8 = [^-^] n, (2) 

being two equations between the five quantities a, 
I, n, d, and 8, any three of these being given, the 
other two can be found. 

1. If a = 3, « = 465, and d = 4:^ find n and I. 

2. If o = 3, Z = 59, and df = 4, find n and s. 
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3. If n = 15^ 2 = 59, and s = 465, find a and d. 

4. If a = 3y n = 15, and 8 = 465, find d and Z. 

5. K a = 3, w = 15, and I = 59, find df and 8, 

6. If ? = 59, rf = 4, and « = 465, find a and n. 

7. K a = 3, Z = 59, and « = 465, find n and A 

8. If flf = 4, w = 15, and 8 =■ 465, find a and ?. 

9. If 2 = 59, e;{ = 4, and 7^ = 15, find a and ^. 
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GEOMETRICAL PROOBESSIOJf. 

187. A Geometrical Progression is a series of numbers 
which increase or decrease by a coimnon multi- 
plier, called the Rate. If the rate is more than 1 
the series is increasing ; if less than 1 it is de- 
creasing. 

Thus 3, 9, 27, 81, 243, is an increasing geometrical pro- 
gression, rate 3. 6561, 729, 81, 9, is a decreasing geo- 
metrical progression, rate \. 

1. Write six terms of a geometrical series whose first 
term is 2 and rate (often called ratio) 3. 

2. Write 5 terms of a G. P. whose first term is 1 
and rate ^. One whose first term is 5 and rate 3. 

3. Write 8 terms of a G. P. whose first term is a 
and rate r. 
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Qaery* — Does it make any dijfference in the form of the last 
progresBloii whether r is integral or fractional ? 

188b The sign : is used to indicate that numbers are in a G. P. 
ThnSy 6 : 10 : : 20 : 40, etc. The terms ascending, descending, ex- 
tremes, and means, aie nsed in a similar way in both arithmetical 
and geometrical progressions. 

189. The Formula for finding the nth or Last Term 
of a O. P. is 

in which I stands for last, or nth term^ a the first term^ 
r the rate, and n the number of terms. 

Dem. — Letting a represent the first term and r the ratio, the 
series is a ic^ lar^ lai^ lar^i etc. Whence it appears that any 
term consists of the first term multiplied into the ratio raised to a 
power whose exponent is one less than the number of the term. 
Therefore the nth term, or i = ar"^'. 

4. What is the 13th term of 3 : 7 : 11, etc. ? Of 164 : 
82 : 41, etc. ? 

6. What is the 15th term of i : i : 1, etc. Of 1 : 



190. The Formula for the Sum of a Geometrical 
Series is 

ar"— a 



8 = 



T^Y' 



in which s represents the sum, a the first term, r the ratio, 
and n the number of terms. 

Bem. — ^The sum of the series being found \jj adding all its 
terms, we have 
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B=a '¥ar-\-ai^+a'i^-\- '- a/r""-^ + at*-^ + ar»~*, and multiplTing 
by r, r«= cn'-¥ar'^+af*+ - - ar'»-*+ar"-'+ar»--*+ar*. 

Subtracting, rs — 8 = (Mr* — a, 

or (r — 1)« = ar* — a, 

or* — a 



and • = 



r-1 



Suo. — ^The student will notice that multiplying the first series 
by Ty and placing the terms of the product under the like terms of 
the series, simply moves each term, when multiplied, one place to 
the right, so that however many terms there may be in the series, 
each will have a similar one in the product except the first term, 
a ; and each term in the product will have a similar one in the 
series, except the last one, or* 

1. What is the sum of 8 terms of the series 3 : 6 : 12^ 
etc.? Of 5: 15: 45, etc. 

2. What is the sum of 5 terms of ^ : | : ^, etc. ? Of 
7 terms of 4 : |^ : ^, etc. ? 

3. There being 8 nails in each shoe, what would the 
shoeing of a horse "all round" cost at \<t for the first 
nail, 2^ for the second, 4 for the 3d, etc. ? 

Ans. $42,949,672.95. 

4. What would the shoeing of one foot cost at the above 
rate ? What of two feet ? Am. $2.55 ; $655.35. 



191. Any term of a O. P. is a Geometrical Mean be- 
tween the two adjacent terms. 

The term is usually applied when there are but three 
terms considered. 
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5. Show that a geometrical mean between two num- 
bers is the square root of their product 

6. What is the geometrical mean between 4 and 9 ? 
Between 4 and 16 ? Between 3 and 7 ? 

7. Show that the general formula for inserting m 

geometrical means between I and a is r = y - , r being 

the rate. 

Solution. — Since there are to be fn means and 2 extremes, there 
will be fn + 2 terms in all. Now I = ai^ > ; and as n in this case 

is m + 2, we have I = or*+* ; whence r = ^ _. 

8. Insert 5 geometrical means between 7 and 5203. 

Suggestion.— ThQ ratio is the 6th root of J^^, or the cube 
root of the square root of 729. 



192. The formula for the sum of an Infinite Decreaa- 
fng Geometrical Progresaion is 

a 



8 = 



1^' 



Dem.— Since the terms are growing less and less, when the 
series is extended to infinity I becomes 0; whence the formula 



a — lr^ a 

8 = z becomes 8 = 



1-r 1-r 



1. What is the sum of 1 : i : }, eta, to infinity, i. e., 
extended forever ? Ans., 2. 

2. What is i + 1 + A, etc., to infinity ? 

3. What is 14 + 2 + f , etc., to infinity ? 
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4. What is the yalue of 32 ? * 

The repetend .82 is ^A + Tifinnr + yrnfi/W* etc., t. e., an infinite 
decreasing, geometrical progression, in which the first term is ^f^, 

and the rate j^. Hence s = ^"*° = ff . 

5. What is the value of .2 ? Of .03 ? Of .6§ ? Of .025 ? 
Of .025 ? 



JProblema involving Progressions* 

1. Sum to 7^ terms the A. P. whose rth tenn is 
2r — 1. 

Since r is general and applies to any term where r = 1, we have 
2r — 1 = 1, the^«^ term. When r = 3, we have 3r — 1 = 3, the 
second term. When r = 3. we have 2r — 1 = 5, the third term. 
The nth term is 2w — 1. Hence the series is 1, 3, 5, — to 2» — 1. 

Therefore a = (^^) n = Q^^) n = nK 

2. Find the G. P. in which the sum of n terms is 
4 (3" - 1) 

3. What is the G. P. whose wth term is s*. 

4. There is a number consisting of three digits, which 
are in arithmetical progression ; the quotient arising from 
dividing the number by the sum of its digits is 26; but if 
198 be subtracted from the number, its digits will be 
reversed. What is the number ? Ans. 234. 

* This means .323282 to infinity, and is called a Bepetend, 
.2 = .2222 to infinity, or A+Tfr+iTmy *<> infinity. .03 = .030803 
to infinity, or yf^ + ^^^ + looSooo to infinity. .03 = 03333 to 
infinity, or ^ of .333 to infinity, or ^^ of the sum of the series ^ + 
i8u+-nflnr ^ infinity. 
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Let X represent the middle digit and y the O. D. Then the 
digits are x—y, x, and x+y, and the number is 100 (x — y) + lOa; + 

«+y, or Ilia? — 9^. The equations are ~ — - = 26, and 

lllas - 9^ + 198 = 100(aj+y)+iar+aj-y = lllaj+9%. 

6, A body near the earth falling by its own weight, if it 
were not resisted by the air, would descend in the first 
second of time through a space of 16 feet and 1 inch ; in 
the next second through 3 times that space ; in the third, 
through 5 times that space; in the fourth, through 7 
times that space, etc. Through what space would it 
fall at the same rate of increase in a minute ? 

Ans,y 57900 feet 

6. Find three numbers in geometrical progression, 
whose sum shall be 52, and the sum of the extremes to 
the mean, as 10 to 3. 

Let X be the first number and y the rate, so that the numbers 
shall be x, xy, and xj/^, 

7. There are three numbers in geometrical progression 
whose sum is 13, and the sum of whose extremes multi- 
plied by the mean is 30. Find the numbers. 

Let -, X, and xy represent the numbers. Then — \-x+xy ^ 13, 

and X \- + xy] = 30. Whence -+ajy = — , and x H — = 13, etc. 
\y / y X X 

8. What kind of a series is Xy Vxy, y? What is 
the rate ? 

9. What kind of a series is -, x. y, - ? What is 

y ^ X 

the rate ? 
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10. The sum of three numbers in geometrical progres- 
sion is 39, and the sum of their squares 819. What are 
the numbers ? 

Bepresent the nnmbers as in Ex. 8. 

11. There are four numbers in geometrical progression 
whose continued product is 64 ; and the sum of the series 
is to the sum of the means as 5 : 2. What are the num- 
bers ? Ans.y 1, 2, 4, 8. 

Bepresenting the nnmbers as in Ex. 9, we have —xxxyx— = 

y ^ 

qM = 64, whence ay = 8 ; and — +aj+y+— : x^-y : : 5 : 3, .*. — + 
^ y a? y 

^ : oj+y : : 8 : 2 ; and ^^ : x+y : : 8 : 2, ~^ : 8 : : 8 ; 2, a?- 

try+y«:8::8 :3, aJ»— 8+y»: 8::8:2, a?+y« :B::5:2. Hence we 
have to solve xy = S, and aj'+y* = 20. From these j? + 2xy+f/^ = 
86, or x+y = 6 ; and a?—2xy+f^ = 4, or a?— y = 2. 



SECTION XXXV. 

PEBCEJ{TAOE FORMULAS. 
193« The Fundamental Formulas of Percentage are 

P = br, (1) 

and A = b + br, (2) 

or A = b (1 + r), 

in which b represents the hose, r the rate (represented in 
hundredths), p the percentage, and A the amount,* 

* The pnpil is presumed to be familiar with Elementary 
Arithmetic. 
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To prodace p = &r, we have but to remember the definltlonB of 
la»e^ rate and percentage. Thla is illustrated by the problem. To 
take 8% of 345. Now 8% of anything means .06 of it ; hence 8% 
of 845 is d45 x .08, and ^<6 percentage = 845 x 08. In the formula 
p = hr,riB hundredths. 

To produce the second formula we have but to remember the 
definition of amount. From this, A = b^\■br^ since b is the base 
and br the percentage, and the sum of these two is the amount 

194* The Fundamental Formulaa in simple interest are 

I = Prt, (1) 

and A = P + i = P + Prt = P(l + rt), (2) 

in which P is the Principal, or bajse ; r, the Rate ; t, the 
Time in years ; i^ the Interest, or percentage ; and A the 
Amount. 

Demonbtratiok. 1. When a principal P is put at simple inter- 
est at rate r, for t years, the understanding is that the interest for 
one year is r times the principal, or Pr, and that for 2 years it is 
twice as much as for 1 year ; for 3 $fr., 8 times as much ; for 8( or 
8} years, 8^ or S^ times as much as for 1 yr. Hence the interest 
for 1 yr, being Pr, for t years it is < times as much, or Prt, and we 
have % = Prt, 

2. To produce formula (2) we have but to remember that Aj the 
amount, is the sum of principal and interest Hence A = P+i, by 
definition. But as by (1) t = Prt^ we have also A = P+Prt, and 
as P+Prt is the same as P(l +rf), we have 

A = P+» = P-hPrt = P (l+r«). 

1. Selling $250 worth of goods at a profit ot 1%%, how 
much is gained ? For what are the goods sold ? 

Formula 1, (193), gives p = &r = $260 x .12 = $80. 

FormuUi 2, (193), gives A = $250 (1 + .12) = $250 x 1.12 = $280. 

2. Selling at a profit of 12%, I make $30. How much 
is sold ? How much is received ? 
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From p = 6r, we have $30 = 6 x .12, /. 6 = ^ = $250. 
From ^ = 5(l + r), we have J. = $260x1.12 = $280. 

3. Selling 1250 worth of goods for $280, what per cent 
is made? 

J. = 5 (1 +r), gives $280 = $250 (1 +r). .•. r = .12, and the rate 
per cent is 12. 



4. How long does it take $480 to gain $450, at 15^ 

simple interest ? 

450 
Formula % = prt, gives 450 = 480 x .15<. Hence t = ^^r — r^ = 

(by cancelling) ^ = 6 J. 6} yr. = 6 yr. 3 mo, 

5. At what per cent will $480 gain $450 interest, in 

6 yr. 3 mo. (6^ yr.) ? 

t 450 

From % = pr<, we have r = — = .^^ a, = -15. .'. 15%. 
^ pt 480x6^ ^ 



6. What is the present worth * of $793.60, due 3 yr. 
6 mo. hence, without interest, money being worth S% ? 

Formula A = j, (1 +rt), gives P = f^ = (iJS)^ = ^' 

195. ^^ formula for Common Discount is 

P = nr7f 

in which p stands for the discount. 



* The Present Worth is a sum which, put at interest for the 
given rate and time, produces the given amount 



232 INTRODUCTION TO ALGEBRA. 

Solye the following by applying the formulas, verifying 
them by the common arithmetical processes: 

7. At what rate per cent does $50 principal yield $5.25 
in 1 yr. 9 nio. 

8. In what time will $419.84, yield $41.28 interest, 
at 5^? 

9. What principal amounts to $232.50, in 2 yr, 11 mo., 
at 10^ ? 

10. What is the present worth of a debt of $1860 due 
4 yr. 9 mo. 18 da. hence, without interest, money being 
worth b% ? Ans. $1500. 

11. If by selling coflfee at 27^ per pound there is a gain 
of 20^, what must be the selling price to give a gain of 



'0 



12. My agent in New York bought a bill of goods for 
me amounting to $3500. What must I remit, allowing 
him a commission of 2}^ ? 

13. Bought cloth for $1.50 a yard; how much will be 
the loss per cent if I sell it at $1.25 a yard ? 

14. A sold pork for 87^^ of its cost, and thereby lost 
$3.33| on a barrel; required the cost per barrel. 

15. What is the amount of $746.25 for 1 yr. 10 mo. and 
12 da.y at 5^ ? 

16. At what rate per cent will $750 yield $224. 33^ 
interest in 3 yr. 8 mo. 26 da. ? 

17. In what time will $750 yield $224. 33^ interest 
at 8^? 
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18. What principal will yield $22433^ interest in 3 yr. 
8 mo. 26 da,y at 8^. 

19. If I sell } of an ariiicle for what J of it cost me, 
what ^ do I lose on the part sold ? 

20. If f of the buying price equals the selling price, 
what is the loss per cent ? 

21. If f of the selling price equals the buying price, 
what is the gain per cent ? 



JPartneraUip. 

Principle. 

196. In Simple Partnership, i. e. when all the capital is 
employed the same length of time, the fundamental principle 
is that the shares of the gains shall bear the same ratio as 
the shares of the stock. 

1. A, B, and C entered into partnership. A put in 
$240, B put in $400, and put in $320. They gain $192. 
How much is each man's gain ? 

Let X represent A's gain. Then $9W (the whole stock) : $240 
(A's stock) : : $192 (the whole gain) : x (A's gain). The proportion 
960 : 400 : : 192 : y, gives B's gain, and 960 : 820 : : 192 : e, C's. 

2. A, B, and C enter into partnership. A puts in $360, 
B puts in $440, and C puts in $500. They gain $780. 
How much is each man's gain ? 

3. A, B, C, and D hired a pasture for $12 ; A put in 12 
sheep, B put in 16, C 18, and D 14. How much ought 
each to pay ? 



234 INTRODUCTION TO ALGEBRA. 

4. Four men traded in company and gained $1680 ; A's 
stock was $2000, B's $1600, O's $2400, and lys $2000. 
How much is each man's gain ? 

6. A farm waa purchased for $7000, by A, B, and C ; 
A furnished $2500, B $3000, and $1500, They receive 
$560 rent yearly. How much of this rent should each 
receive ? ' 

6. Divide $960 among three persons in such a manner 
that their shares shall be to each other as 5, 4, and 3 re- 
spectively. 

7. Two persons form a partnership in trade, with a 
capital of $1500, of which the first contributed $940, and 
the second the remainder. They gain $640. How much 
is each one's share ? 

8. Divide the number 230 into three parts which shall 
be to one another as ^, {, and \. 



Pbqtoiple. 

\Vlm In Compound Partnership, i. e., partnership in 
which the several partners? shares of the capital are in for 
different lengths of time, the gain or loss is divided in the 
ratio of the products of the several amounts of stock into 
the times which they respectively remained in the business. 
This is assuming that the use of $a for tims t in business 
is equal to $at for time 1. 

1. Three partners. A, B, and put money into trade 
as follows : A put in $50 for 4 months, B $150 for 2 
months, and G $250 for 3 months. They gained $250. 
How much is each man's share of the gain ? 
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(50 X 4) + (150 X 2) + (250 X 3) : 50x4 :: 250: a;, 
or, 1250 : 200 :: 250 : x, 

250 X 200 ,^ A. 1. 
gives X = — A^rT^ — = ^^y ^ -^ ^ share. 

In like manner, 1250 : 150 x 2 : : 250 : y, 
gives y = 60, B's share. 

So also, 1250 : 250 x 3 : : 250 : z, 

gives z = 150, C^s share. 

2. A, B, and hired a pasture for $240 ; A put in 16 
cows for 10 weeks, B 20 cows for 7 weeks, and C 25 cows 
for 6 weeks*. How much ought each to pay? 

3. A, B, C, and D have together performed a piece of 
work, for which they receive $266.40. A worked 16 days 
of 10 hours each, B worked 20 days of 12 hours each, 
worked 14 days of 10 hours each, and D worked 15 
days of 12 hours each. How much should each receive ? 



AUigaHan Alternate, 

198. Alligation Alternate teaches the method of find- 
ing how much of several ingredients, the values 
of which are Jcnown, must he tahen to mahe a com- 
pound of a certain value* 

1. How much wine, at 110^ per gallon, 60^ per gallon, 
and 40^ per gallon, must be mixed together, so that the 
mixture may be worth 80^ per gallon ? 

a;, y^ and z represent the number of gaUons of each kind re- 
gpectively. 

We then have UOaj + 6Qy+40g = (oj+y +2) 80, 
whence 30aJ = 20y + 40g. 
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Now, as we have three unknown quantities and but one equation, 
we maj assign anj values we please to two of them, which will 
give positive values to the other, and find a corresponding value to 
the other. Thas, y and e maj each be 1 ; whence, a; = 2. Ot y 
may be 2 and z 1 ; whence a; = }} = 2{, etc. 

2. How much sugar;, at 5, 8, and 10 cents a pound must 
be mixed with 64 pounds^ at 12 cents a pounds so that the 
mixture may be worth 9 cents a pound ? 

3. How many bushels of oats at 40j^ per bushel^ barley 
at 45^, and corn at 75^^ must be mixed with 60 hu, of rye 
at 85^, so that a bushel of the mixture may be worth 60^ ? 

Let X = the number of bushels of oats, y of barley, and e of com^ 

« 

then the statement is 

4(te+45y+7&+85x60 = 60 (aj+y+e+60), 

or, 1& = 20aj + 15y — 1200. 

In this we may give any value we please to ^ or a;, and any value 

to the other which will make the second member positive, and find 

a corresponding value to e. Thus if we make x = 40, and ^ = 5, 

__ 800+750 -- 1200 _ 
£ — jg — Yr — ^P 

Again make a; = 60, and y = 80 ; whence 

1200+450-1200 «^ ^ 
z = p= = 80, etc 

4. A merchant has sugar worth 5^ 6, 9, and 12 cents a 
pound ; with a mixture of these he wishes to fill a hogs- 
head that shall contain 220 pounds. How much of each 
kind must he take, so that the compound may be worth 
8 cents a pound ? 

Letting x, y, e, and w be the number of pounds of each kind re- 
spectively, we have 

5aj + 6y + 92 + 12tc = 8 X 220 = 1760. 

In this we may give any values we please to any three which 
will not make the other negative, and find a corresponding value 
for the other. 
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SECTION XXXVI. 

TEST PROBLEMS. 

1. Given {a+x) {i+x)—a{b+ic)-=za^c+3^y to find the 
valne of x. =:ac. 

2. Given P^-^ - ^ '' 2a:+19 : 3aj-19, to find the 

bx — 4o 

value of rr. x =z 8. 

3. Given V4^+21=2V^+1, to find the value of x. 

X = 25. 

4. Given ,_ — =:= r, to find the value of x. 

Vx Vb ^ 



X 



-mh 



6. Given V^+Vi»— 24=^7==, to find the value of ic. 

X = 49. 



6. Given a/i+xV^ + 12 = 1+ic, to find the value 
of a. X = 2. 

4a;-17 3f-22a; 6i^ «^ ) . ^ , 

the value of ic. a: = 3. 

8. Given \ „ « ""^ * [ to find the values of x and «/. 

a;=3, y=4. 

1 I 

9. Given ( « ) to find the values of x and y. 

a:=2, y=3. 
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10. Given \ , -• q /to find the values of x and y. 

f4y-^V-=3A 

{ ^ I x=6, y=2. 

11. Given -l „ ^""« * f to find the values of rr and y. 

( 2x — y=3, ) 

a;=6, y=: 7. 

7 10""^^ 

12. Given \ / to find the values of x and y. 

/?+3y=134, \ 

13. Given -< ^~ w to find the values of x and y. 

( wM;+ny=o, 3 



14 Given < . ) to find the values of x and y. 

?_-?— 1 ' 

10 30 V a;=30, y=20. 

12 "^3 ""^7 

16. Given (^ ^, /to find the values of x and y. 

jaj y Q I ^^ 

.3 -^ / »=6,y=12. 

16. Given (l^^=i,) to find the values of rr, y, and i??. 



"6" 



" V a;=4, y=6, i2;=2. 
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r6y— 4a? \ 

3«- 7 "" ' 

17. Given I- — =l,>to find the values of rr, y^ and z. 

)2y-'3z ' 

%— 2a;"" V a;=:10, y=7, 2;=3. 

18. Given i/ ^^ +V ?^=a, to find the values of rr. 

^ a?— 1 ^ a;+l 

19. Given Va+x+ V(i—x=b, to find the values of x. 






20. Given V'a(a+a?)=a— Va(a— a;), to find the values 
of a?. a;= i^ii'v/S. 

values of a;. z^-- j_ y'3^ 

22. Given a^Ve +i^=l+a^, to find the values of x. 

23. Given V^+^+V^=^_y^=o, to find the values 

Vx ^ 

of a?. a; = ± 2VaA^'^. 

Q/p 3 3a?— 6 

24. Given 6a? ^=2X'\ ^ — , to find the values 

a;— 3 2 

of a?. a; = 4, and — 1. 

25. Given 3a?— -q—^— =2+ ~ , to find the values 
of a:. a? = 11^9 and 4. 
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26. Given «+4h =13, to find the values of x. 

X 

X =z 4:, and — 2. 

27. Given 14+4a?-?±^=3ic+^? to find the values 
of «. X = 28, and 9. 

oo n- ^+4: 7—2: 4a: + 7 ^ . « , , 

28. Given -^ ^-^ =— ^L i^ to find the values 

of X. X = 21, and 5. 

29. Given 2a:+18-^±^5= 27-^|^, to find the 

4a:+7 2a:--3 

values of a:. a: = 8, and 5. 

30. Given J_^^Zq =:a^+x+8y to find the values 
of a:. a: = 4, and— 4f. 

31. Given a:H — -^ — =8, to find x. x = 9^, and 7. 



32. Given |/4 + V^a^ + a?»= ^±^, to find ic. 

a: = 12, and 4. 

33. Given x -1^+^=0, to find x. 

X — o 

a: = 9, and 4. 

34. Given Va + x+ Vb+x=:^/a+ h + 2a:, to find a:. 

a; = — a, and — J. 

35. Givena:+V5:a:— V5 :: 3v^ + 6 : 2v^,tofinda:. 

a: = 9, and 4. 

36. Given ^ + -^=S, to find a:. 



X 



= I(- ' ± ♦H)- 
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37. Given i •^' + i^;^ --^ • ^' t to find the values of x 
and y, x = ±2, y = ±1. 

38. Given \^'^y''^/^^'^d to find the values of x 

{ xy .= 20, ) 

and y. a; = ±5, y = ±4. 

39. Given \ o / r to find the values of x 

K x—y : a; : : 3 : 4, ) 

and y, x = ±4, y = ±1. 

40. Given \x—y "' \ to find the values of x and y. 

x= ±3,y= ±2. 

/ %x—y ^ 3 \ 

41. Given ■< 2a; + y 5 ' >• to find the values of a; and y, 

( da^-'^xy z=z 8, ) 

^ = ±4, y = ±2. 

42. Given 4ay^—2xy = 12, 2y^ + Sxy = 8, to find x 
and y. x = ±2, and if^ V^; y = ±1> and ±4 V?. 

43. Given 3x^+xy = 68, and 43/2 4-3a;i/ = 160, to find 
X and y. 

X = ±4, and if ^\/3; 4 = ±5, and ±^^\/3. 

44. Given 2a^i— 3a;^4-^2 -_ 4^ and ^xy-^'dy^—x^ = —9, 
to find cc and y. 

X = ±3, and q=i ^2; y = ±2, and ±| a/2. 

45. Given rr^-j-a-^ = 12, and xy—%y^ = 1, to find x 
and 2/. X =z ±3, and ±i V6 ; y = ±1, and ±| Vo. 

46. Given s^y—y = 21, and oc^y—xy •= 6, to find a: 
and ^. a; = 2, and | ; «/ = 3, and --24. 
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47. Given .a^+x-{-y = 18— y^, and xy = 6, to find x 
and y. 

x = 2, and 3, or — 3:f V3; y = 3, and 2, or — 3±\/3. 

48. Given - +- = a, and x-^y = 2A, to find x and y. 

y X 

(Put ic = 2;-|-t;, and y = 21—1;.) 



12 

49. Given a^-l-a: = — , and ofiy-^y = 18, to findicandy. 

y 

X = 2, and ^ ; y =• 2, and 6. 

50. Given a^+^f = 256—4x1/, and 4y8— a:^ -- 54^ to 
find a; and y. x =1 ±6; y = ±5. 



THE END. 



Sheldon d: Company's TextSooks, 



mSTOEIES OF THE UNITED STATES. 

67 Benson J. Lossing, author of " Field-Book of the R^olu- 
tion/' " Ulustrated Family Histoiy of the United ^tatets" &c 



LosHng's Primary History. For Bbgikkerb. A cliarm- 
ing little book. Elegantly illoatrated. 288 pages. 

Loasinff's Outline History of the United States. One 

volume, 12mo. We invite the careful attention of 

teachers to some of its leading points. In elegance ofap2)ear- 
ance and copious Ulitstrations, both by pictures and maps, we 
think it surpasses any book of the kind yet published. 

1. The work is marked by uneoTntnon eleame»» of ufatement. 

2. The narrative is divided into SIX mSTINCT J*JSRI01>S, namely: 
Diseoveriegf Settletnents , Colonic*, The Jtevolution, The A'ation, 
and The Civil War and ite eoneeguenees. 

3. The work is arranged in short eenteneea, bo that the enbettance of 
each may be easily comprehended. 

4. The tnost important events are indicated In the text by hea-vy- 
fl^ed letter. 

5. Full Questions are ftamed for every Teree. 

0, A l*ronouneing Vocabulary is fhmlehed in foot-notes wherever 
required. 

7. ii. Brief Synopsis of topics iBsriven at the close of each section. 

S. An Outline uistory of UtPOKTANT EVBNTS is given at the close 
of every chant rr, 

9, The work is profusely illustrated by Maps, Charts and Plans ex- 
planatory of the text, and by careftUly-drawn pictures of objects and events. 

Ltossinf/'s School History, 383 pages. 

Containing the National Constitution, Declaration of 
Independence, Biographies of the Presidents, and Questions. 

This work is arranged In six chapters, each containing the record of an im- 
portant period. The First exhibits a genera] view of tne Ahoriainal race 
who occupied the continent when the Europeans came. The Second is a 
record of all the Discoveries and preparations for settlement made by indi- 
viduals and governments. The Third delineates theprogress of all the settle' 
ments untilcolonial governments were formed. Tne Fourth tells the story 
of these Colonies from their infoncy to maturity, and illustrates the continual 
development of democratic ideas and republican tendencies which finally 
resulted in ?. political vonfederafion. The Fifth has a full account of the im- 
portant events of the War for Independence ; and the Sixth gives a con- 
dsd History of the Republic from its formation to the present time. 






These books are designed for different grades of pupils, and adapted to the 
time usually allowed for the study of this important subject Each embraces 
the history of our country f^om its discovery to its present administration. 
The entire series is characterized by chanteness and clearness of style, accuracy 
of statement, beauty of typography, and Aillness of illustration. The aulhor 
has spent the (rreaTer part of his life in collecting materials for, and in writing 
histor>^ and his abiUty and reputation are a sufficient guarantee that the work 
has been thoroughly aone. ana a series of histories produced that will be in- 
valuable in training and educating the youth of our country. 



Sheldon A Company's Text-'Books, 

PHYSIOLOGIES. 

Hooker'a First Book in Physiology. For Public Scliools. 

Hooker^s New Physiology. Revised, corrected, and put 
into the most perfect form for text-book use. By J. A. Sewall, 

M. D., of the Illinois State Normal University. 

A few of the excellencies of these books, of which teachers and others have 
spoken, are : Ist. Their clearness, both in statement and description. 2d. The 
skill with which the interesting points of the subject are brought out. 8d. The 
exclusion of all useless matter ; other books on this subject having much in 
them which is useful only to medical students. 4th. The exclusion, so &r as 
is possible, of strictly technical terms. 5th. The adaptation of each book to 
its particular purpose, the smaller work preparing the scholar to understand 
the fliU development of the subject in the larger one. 6th. In the larger work 
the science of Physiology is brought out as it now is, with its recent important 
discoveries. 7th. Some exceedingly interesting and important subjects are 
fully treated, which, in other books of a similar character, are either barely 
hinted at or are entirely omitted. 8th. These works are not mere compilations, 
but have the stamp of originalUy^ differing in some essential points f^om all 
other works of their class. 9th. In beauty and clearness of style, which are 
qualities of no small importance in books for instruction, they toiU rank as 
models, 10th. The subject is so presented that there is. nothing to offend the 
most refined taste or the most scrupulous delicacy. 

Elements of Anatomy , Physiology ^ and Hygiene. 

By Profl J. R. Loomis, President of Louisburgh University, 
Penn. Beautifully Illustrated with original drawings. Re- 
vised Edition. 

" I have examined with some care the Physiology of President Loomis. It 
seems to me clear, concise, well-arranged, and in all respects admirably 
adapted for the purposes of a text-book in schools and colleges. It has been 
used by the classes in this University with entire satisfoction.*^— .S^. M. B. 
Akdbbson, D.D., President qfSochesier University, 

. PALMER'S BOOK-KEEPING. 

Palmer^s Practical Book- Keeping. By Joseph H. 
Palmer, A.M., Instructor in New York Free Academy. 12mo. 
167 pages. 

Blanks to do, (Journal and Ledger), 
Key to do. 

Any of the above sent by maU^ post-paid, on receipt qf. 






